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Abstract 



By using the 3+1 point of view and parametrized Minkowski theories we develop the theory of 
non-inertial frames in Minkowski space-time. The transition from a non-inertial frame to another 



one is a gauge transformation connecting the respective notions of instantaneous 3-space (clock 



synchronization convention) and of the 3-coordinates inside them. As a particular case we get the 
extension of the inertial rest-frame instant form of dynamics to the non-inertial rest-frame one. We 
show that every isolated system can be described as an external decoupled non-covariant canonical 
^ ■ center of mass (described by frozen Jacobi data) carrying a pole-dipole structure: the invariant 

mass and an effective spin. Moreover we identify the constraints eliminating the internal 3-center 
of mass inside the instantaneous 3-spaces. 

In the case of the isolated system of positive-energy scalar particles with Grassmann-valued 
electric charges plus the electro-magnetic field we obtain both Maxwell equations and their Hamil- 
tonian description in non-inertial frames. Then by means of a non-covariant decomposition we 
define the non-inertial radiation gauge and we find the form of the non-covariant Coulomb poten- 
tial. We identify the coordinate-dependent relativistic inertial potentials and we show that they 
have the correct Newtonian limit. 

Then we study properties of Maxwell equations in non-inertial frames like the wrap-up effect and 
the Faraday rotation in astrophysics. Also the 3+1 description without coordinate-singularities of 
the rotating disk and the Sagnac effect are given, with added comments on pulsar magnetosphere 
and on a relativistic extension of the Earth-fixed coordinate system. 
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I. INTRODUCTION 



As a consequence of many years of research devoted to try to establish a consistent 
formulation of relativistic mechanics, we have now a description of every isolated system 
(particles, strings, fields, fluids), admitting a Lagrangian formulation, in arbitrary global 
inertial or non-inertial frames in Minkowski space-time by means of parametrized Minkowski 
theories [1, 2, 3, 4] (see Ref.[5] for a review). They allow one to get a Hamiltonian de- 
scription of the relativistic isolated systems, in which the transition from a non-inertial (or 
inertial) frame to another one is a gauge transformation generated by suitable first-class 
Dirac constraints. Therefore, all the admissible conventions for clock synchronization, iden- 
tifying the instantaneous 3-spaces containing the system and allowing a formulation of the 
Cauchy problem for the equations of the fields present in the system, turn out to be gauge 
equivalent. 

The only known way to have a global description of non-inertial frames is to choose an 
arbitrary time-like observer and a 3+1 splitting of Minkowski space-time, namely a foliation 
with space-like hyper-surfaces (namely an arbitrary clock synchronization convention) with 
a set of 4-coordinates (observer-dependent Lorentz-scalar radar 4-coordinates a A = (r;o- r ), 
A = {r, r}) adapted to the foliation and having the observer as origin of the 3-coordinates 
a r on each instantaneous 3-space S r . The time parameter r, labeling the leaves of the 
foliation, is an arbitrary monotonically increasing function of the proper time of the observer. 
Each such foliation defines a global non-inertial frame centered on the given observer if it 
satisfies the M0ller admissibility conditions [6], [3, 5], and if the instantaneous (in general 
non- Euclidean) 3-spaces, described by the functions z^(r, a r ) giving their embedding in a 
reference inertial frame in Minkowski space-time, tend to space-like hyper-planes at spatial 
infinity [3]. The 4-metric g AB (r,a r ) = z^r, a r ) ^ z v B {r, a r ), z\{r,o r ) = ^gA in the 
non-inertial frame is a function of the embedding obtained from the flat metric rj^ u in inertial 
Cartesian 4-coordinates x^ by means of a general coordinate transformation x M i— > a A = 
(t; a r ) with inverse transformation a A i— > x^ = z^{t, a r ). 

If we couple the Lagrangian of the isolated system to an external gravitational field, 
we replace the external gravitational 4-metric with the embedding-dependent 4-metric of 
a non-inertial frame and we re-express the components of the isolated system in adapted 
radar 4-coordinates knowing the instantaneous 3-spaces 1 , we get the Lagrangian of the 

1 For a scalar field <fr(x) we get </>(r, a r ) — <j)(z(T,a r )). For the electro-magnetic potential A^x) and 
field strength F^(x) we get the Lorentz-scalar fields Aa (t, a r ) = A^(z(t, a r )) z^(t, a r ), Fab{t 1 <t t ) = 
(8a Ab — ds Aa)(t, <j r ) = F^(z(t, <j r ) z^(t, a r ) z b (t, a r ). Differently from <j>(x) and AJx), the fields 
4>{t, <r r ) and Aa(t, <r r ) know the whole instantaneous 3-space E T . Scalar particles are described with 



2 



parametrized Minkowski theory for the given isolated system. It is a function of the matter 
and fields of the isolated system (now described as Lorentz-scalar quantities in a non-inertial 
frame) and of the embedding z^{r,a r ) of the instantaneous 3-spaces of the non-inertial 
frame in Minkowski space-time. The main property of the action functional associated with 
these Lagrangians is the invariance [1, 3, 5] under frame-preserving diffeomorphisms 2 : 
this implies that the embeddings are gauge variables, so that all M0ller-admissible clock 
synchronization conventions (i.e. any definition of instantaneous 3-spaces in space-times 
with Lorentz signature) are gauge equivalent. 

Inertial frames are the special class of frames connected by the transformations of the 
Poincare' group (the relativity principle) selected by the law of inertia. For every con- 
figuration of an isolated system there is a special inertial frame intrinsically selected by 
the system itself, the rest frame, whose instantaneous 3-spaces (the Wigner 3-spaces with 
Wigner covariance) are orthogonal to the conserved 4-momentum of the configuration. This 
gives rise to the rest-frame instant form of the dynamics. In Ref. [8] there is a full ac- 
count of the rest-frame instant form for arbitrary isolated systems, with special emphasis on 
the system of " N charged positive-energy scalar particles with mutual Coulomb interaction 
plus the transverse electro-magnetic field of the radiation gauge" [9]. The particles have 
Grassmann-valued electric charges (each replaced by a two-level system, charge +e - charge 
— e, described by a Clifford algebra, after quantization) 

a) to make a ultraviolet regularization of the Coulomb self-energies; 

b) to make a infrared regularization killing the emission of soft photons and loops; 

c) to allow us to have the Lienard-Wiechert transverse potential and electric field ex- 
pressible as functions only of the 3-positions and 3-momenta of the particles, independently 
from the chosen Green function (retarded, advanced, symmetric, ..). 

This allows us to have a description of the one-photon exchange diagram by means of a 
potential in the framework of a well defined Cauchy problem for Maxwell equations. 

In the rest-frame instant form there are two realizations of the Poincare' algebra: 

Lorentz-scalar 3-coordinates ffi (r) in E T defined by x^ 1 (t) = z^(T,ffi(r)), i = 1,..,N, i.e. by the intersection 
of their world- lines xf (r) (parametrized not with their proper time, but with the observer's one) with S T . 
As a consequence, each particle must have a well defined sign of the energy. Both the world- lines (r) 
and the associated 4-momenta pf (r), satisfying pf (r) = em? even in presence of interactions, are derived 
quantities. 

2 Schmutzer and Plcbanski [7] were the only ones emphasizing the relevance of this subgroup of diffeomor- 
phisms in their attempt to obtain the theory of non-inertial frames in Minkowski space-time as a limit 
from Einstein's general relativity. 
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1) An external one, in which the isolated system is simulated by means of a decoupled point 
particle carrying a pole-dipole structure: the invariant mass M and the rest spin S of the 
isolated system. This decoupled point particle is described by the canonical frozen Jacobi 
data of the non-covariant external relativistic 3-center of mass: a non-covariant variable 
z — Mcxnw(Q) 0?jvw(O) is the Cauchy datum of the Newton- Wigner 3-position xnw(t)) 
and an adimensional 3-velocity h = P/Mc, {z l ,h j } = 5 tj . This universal (i.e. independent 
from the isolated system) breaking of manifest Lorentz covariance is irrelevant since the 
3-center of mass is decoupled from the internal dynamics. Since the Poincare' generators 
are global quantities, the relativistic center of mass (a known function of such generators) 
is a global quantity not locally determinable (see Ref.[8] for the non-local aspects of the 
Newton- Wigner position). The non-covariant canonical external 4-center of mass (or center 
of spin) 5 M (r) = (x°(t); x(t)), the covariant non-canonical external Fokker-Pryce 4-center of 
inertia Y^(t) = (x°(t);Y(t)) and the non-covariant non-canonical external M0ller 4-center 
of energy R^{r) = (x°(t);R(t)) are known functions of r, z, h, M, S given in Ref.[8]. All 
these collective variables have the same constant 4- velocity: F M (r) = x M (r) = R^(t) = 
P^/Mc = W. 

The embedding identifying the Wigner 3-spaces is (r = cT is the Lorentz-scalar rest time) 

z^(r,a u )^Y^r)+e^h)a r , (1.1) 

where Y^{t) is the covariant non-canonical Fokker-Pryce external 4-center of inertia (a 
known function of r, z, h, M and S) and the 3 space-like 4- vectors e%(ti) are de- 

o 

termined by the standard Wigner boost L^ U (P,P) for time-like orbits sending the rest 
form P = Mc (1;0) of the total momentum into P^ = Mcu^(P) = Mce^(h) = 
Mc (V 1 + h 2 ; h) = Mch^ (we collect here the various notations used in previous pa- 
pers), i.e. e" A (h) = L^ U=A (P,P). We have e°(h) = y/l + h 2 , e\(h) = h\ e°(h) = -eh r , 
e l r {h) = S l r — e — —. hr = (see the next Section for the conventions on the 4-metric). 

2) A unfaithful internal one inside the Wigner 3-spaces, whose generators are deter- 
mined by the energy-momentum tensor, obtained from the Lagrangian of the parametrized 
Minkowski theory associated with the given isolated system. The only non-vanishing gen- 
erators are M and S. The vanishing of the internal 3-momentum is the rest-frame condi- 
tion, while the vanishing of the internal (interaction-dependent) Lorentz boosts eliminates 
the internal 3-center of mass (this avoids a double counting of the center of mass). As a 
consequence, the dynamics inside the instantaneous Wigner 3-spaces is described only by 
Wigner- covariant relative variable and momenta (p a (r), 7t (t), a = 1, .., N — 1, for particles). 
The invariant mass M is the Hamiltonian for the internal Hamilton equations. It is possible 
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to make an orbit reconstruction [4] for the particles in the form fji(r) = fi(p a (j), n a (r)) and 
to determine the world-lines 3 , 

<(r) = ^(r,^(r)) = Y»(r) + e?(h) fUPa(r), 7r«(r)). (1.2) 

In this paper we study in detail the properties of global admissible non-inertial frames in 
Minkowski space-time, generalizing the notions defined in the inertial rest-frame instant form 
of dynamics. We show that also in non-inertial frames every isolated system can be described 
as an external decoupled non-covariant canonical center of mass (described by frozen Jacobi 
data) carrying a pole-dipole structure: the invariant mass and an effective spin. Moreover, 
following the same methods developed for the inertial rest frame, we identify the constraints 
eliminating the internal 3-center of mass inside the instantaneous 3-spaces. 

In the admissible non-inertial frames the instantaneous 3-spaces are orthogonal to a given 
fixed 4- vector at spatial infinity 4 . 

Then we will restrict the description to the special family of non-inertial frames, in 
which the instantaneous 3-spaces tend to Wigner 3-spaces, orthogonal to the conserved 4- 
momentum of the isolated system, at spatial infinity (i.e. = hf" = P^/Mc): they are 
the non-inertial rest frames, a non-inertial extension of the inertial ones. This will allow 
us to define the non-inertial rest-frame instant form of dynamics. The non-inertial rest 
frame are the only ones allowed by the equivalence principle in the treatment of canonical 
metric and tetrad gravity in asymptotically flat and globally hyperbolic space-times without 
super-translations as shown in Refs. [5, 11]. 

Even if in a non-covariant way, which is however consistent with the coordinate- 
dependence of the inertial effects, we will give a unified special relativistic description of 
many properties of isolated systems in accelerated frames, which are scattered in the litera- 
ture and treated without a global interpretative framework. 

Then, as in Ref. [8], we consider the description of the isolated system of positive-energy 
scalar particles with Grassmann-valued electric charges plus the electro-magnetic field as a 
parametrized Minkowski theory. As a consequence we obtain both Maxwell equations and 
their Hamiltonian description in non-inertial frames. 

3 They turn out to be covariant non-canonical predictive coordinates: {x^ (t), Xj(t)} ^ for all i and j, 
/j, and v. Let us remark that this does not imply a breaking of microcausality, which is preserved at the 
level of the 3-coordinates jfi(r). 

4 A preliminary description of particles and of their quantization in a class of such frames was given in 
Ref. [10]. There we introduced an auxiliary decoupled scalar particle whose 4-momentum coincides with 
Z{* v Here we will avoid to use this method. 
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By means of a non-covariant decomposition we define the non-inertial non-covariant radi- 
ation gauge: this allows to visualize the non-inertial dynamics of transverse electro-magnetic 
fields, the electro-magnetic Dirac observables. We find the modification of the Coulomb 
potential in a non-inertial frame: its non-covariance is due to same type of coordinate- 
dependence present in the relativistic inertial potentials, which are explicitly identified for 
the first time and shown to have the correct Newtonian limit. The final Dirac Hamilto- 
nian will contain not only the invariant mass Mc but also the modifications induced by the 
potentials associated with the inertial effects present in the given non-inertial frame. 

Then we study properties of Maxwell equations in non-inertial frames like the wrap-up 

effect, the Faraday rotation in astrophysics, pulsar magnetosphere Also the 3+1 

description of the rotating disk and the Sagnac effect are given. 

In Section II we review the admissible 3+1 splittings of Minkowski space-time and the 
properties of the associated global non-inertial frames (Subsection A), we compare them 
with the accelerated coordinate systems associated with the 1+3 point of view (Subsection 
B) and we define the non-covariant notations for the electro-magnetic field in non-inertial 
frames (Subsection C). 

In Section III we study the description of the isolated system "charged scalar positive- 
energy particles plus the electro-magnetic field" in the framework of parametrized Minkowski 
theories. In particular we show that in non-inertial frames and also in inertial frames with 
non-Cartesian coordinates there is no true conservation law for the energy-momentum tensor: 
like in general relativity one could introduce a coordinate-dependent energy-momentum 
pseudo-tensor describing the contribution of the foliation associated with the admissible 
3+1 splitting of Minkowski space-time. However, reverting to inertial frames, it is possible 
to find the conserved (Poincare' 4-vector) 4-momentum of the isolated system. 

In Section IV we give the Hamiltonian description and the Hamilton equations of the 
isolated system "charged scalar positive-energy particles plus the electro-magnetic field" 
in admissible non-inertial frames (Subsection A). Then we introduce the non-covariant ra- 
diation gauge for the electro-magnetic field and we find both the inertial forces and the 
non-inertial expression of the coulomb potential (Subsection B). Finally we evaluate the 
non- relativistic limit recovering the Newtonian apparent inertial forces (Subsection C). 

In Section V we review the determination of the internal Poincare' generators and of the 
constraints eliminating the internal 3-center of mass in the inertial rest frames (Subsection 
A). Then we show how these results are modified in the special family of the non-inertial rest 
frames (Subsections B and C) and in arbitrary admissible non-inertial frames (Subsection 
D). 
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In Section VI we give the 3+1 point of view in admissible nearly rigidly rotating frames 
of the Wrap Up effect, of the Sagnac effect and of the inertial Faraday rotation by studying 
electro-magnetic wave solutions of the non-inertial Maxwell equations. 

In the Conclusions we give an overview of the results obtained in this paper and we 
identify the still open problems about electro-magnetism in non-inertial frames. 

In Appendix A there is a review of the rotating disk and of the Sagnac effect in the 
1+3 point of view followed by their description in the framework of the 3+1 point of view 
(Subsection Al) and by a discussion on the ITRS rotating 3-coordinates fixed on the Earth 
surface (Subsection A2). 

In Appendix B there is the expression of the Landau-Lifschitz non-inertial electro- 
magnetic fields in the 3+1 point of view. 

In Appendix C there is a comparison of the covariant and non-covariant decompositions 
of the electro- magnetic field in non-inertial frames and the definition of the non-covariant 
radiation gauge. 
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II. ADMISSIBLE 3+1 SPLITTINGS OF MINKOWSKI SPACE-TIME AND NO- 
TATIONS 



We use the signature convention r]^ — e (H ), e = ±1, for the flat Minkowski metric 

(e = +1 is the particle physics convention, while e = — 1 is the one of general relativity), 
since it has been used in Refs.fll] for canonical gravity. Since in Ref. [8] the convention 
e = +1 was used, in this Section we also introduce the notations needed for the treatment 
of the electro-magnetic field in non-inertial frames. 



A. Admissible 3+1 Splittings of Minkowski Space-Time 

Let us consider an admissible 3+1 splitting of Minkowski space-time, whose instantaneous 
3-spaces S T are identified by the embedding z^(t, a r ). The radar 4-coordinates a A = (r; a r ) 
are adapted to an arbitrary time-like observer with world-line x^{t) in the reference inertial 
frame, chosen as the origin of the curvilinear 3-coordinates a r on each S r . The Lorentz- 
scalar time r, with dimensions [t] = [ct] = [I], is a monotonically increasing function of the 
proper time of the observer. Therefore, we can put the embeddings in the following form 



Z »( T , a u ) = x»(t) + F"(r, a u ) = < + e\ [f A (r) + F A (r, a u )] , F"(r, o) = 0, 



s"(r) = x » + e» A f A {r). 



(2.1) 



At spatial infinity z^{r, a r ) must tend in a direction- independent way to a space-like hyper- 
plane with unit time-like normal If. = e^: this implies F^(r,a s ) — > ef o6)r a r with the 3 



space-like 4- vectors ef^j. = e(f orthogonal to If^y The asymptotic orthonormal tetrads e A 
are associated to asymptotic inertial observers and satisfy e^r^e^ = r\ AB . Let us remark 
that the natural notation for the asymptotic tetrads would be ef A ^ . However, for the sake of 
simplicity we shall use the notation e A for 5^ ef B ^ . 

The time-like observer x M (r), origin of the 3-coordinates on the instantaneous 3-spaces 
S T , has the following unit 4- velocity and 4-acceleration (we use the notation x^{r) = ; 
it must be ei 2 (r) > 0) 



u"(r) = 



= e A u (r), u (r) = e, 



u a (t) 



f A (r) 



^/(/ T (r)) 2 -E„ (Mr)) 2 



(rw) 2 > E (/») 2 > 
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^l = e^ A a A (r), a,(r) u"(r) = 0, 



( fr(r)) 2 - E tt frM) 2 ) - / A (r) (r(r) T(r) - £ u /» /» 



2 / . n 2n 3/2 

/ r 00 ) - E u (f u (r) 



(2.2) 



As a consequence we can write -u M (r) = L^ v (u(t), u) u , vt = e(l;0), by using the 
standard Wigner boost for time-like 4-vectors. 

Eqs.(2.1) imply 

z^r,a u ) = d T z»(T,a u ) = x»(T) + d T F»(T,a u ) = e» A (f A (T) + d T F A (T,a u )) = 
= (1 + n(r, O) «"(r, ^) + ^(r, <r u ) n r (r, a") ^(r, a"), 



(2.3) 



While the 3 independent space-like 4-vectors z^(t, a u ) are tangent to E T , the time-like 4- 
vector ^(r, <t u ) has been decomposed on them and on the unit normal Z M (r, a u ), Z 2 (r, a u ) = e, 
to S r (Z M (r, o" u ) z^(t, a u ) = 0). This decomposition defines the lapse and shift functions 
N(r, a u ) = 1 + n(r, cr") > and N r {r, a u ) = n r {r, a u ) (we use the notation of Ref.[ll]). At 
spatial infinity we have: P(t,(t u ) -> Zj^ = e£, JV(r, a u ) -> 1 (n(r, (7 U ) -> 0), n r (r,a u ) -> 
0. 

The 4-metric induced by the 3+1 splitting is Qab{t, cr u ) = z^(r, a u ) rj^ z v B (j, a u ) and we 
have 



9tt(t, a u ) 



= e 



(f(T) + 9 T F^r,0) 2 - £ (r(r) +9 r F«(r,0) 2 ] 
(l + n(r, ^)) 2 - // s (r, a") n r (r, a") n s (r, a v )] , 
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9rr\r, a 



~ e [ E + ^ F >> <0) d r F u (r, a") - 

u 

(r(T) + d T F T (T,a v ))d r F T (T,a v ) = 

-en r (r,a v ) = g rs (T,a v )n s (r,a v ) = -eh rs (T,a v )n s (T,a v ), 



9rs(r,a v ) = [^^<](r,0 = 

= -e [ d r F u {r, a v ) d s F u (r, a v ) - d r F r (r, a v ) d s F T {r, a") 

u 

= -eh rs (r,cr v ). 

While the 3-metric g rs in E T and its inverse 7 rs (7™ g us = 5 r s ) have signature e ( 
3- metric h rs and its inverse h rs = —ey s ih ru h us = 51) have signature (+ + +). 

For the inverse 4-metric g AB (g AC gcB = 83) we have 



TT 

9 = 



(1+n) 2 ' 



TV 

9 = -e 



(1+n) 2 ' 
For the determinants we have 



9 TT 9 rs - 9 Tr 9 TS = 



g rs = -e [h r 



(1+n) 2 ' 

■ ;■)■ 



7 = -edetg rs = deth rs > 0, g = detg AB < 0, y/ ZI g = (l + n) y /^. 



Finally the unit normal to the simultaneity surfaces S T has the expression 



'/ a/37 ^1 ^2 z 3 



fc a/37 z l ^2 ^3 



= f A l\ T , a v ) = t\ V AE ( dx F B d 2 F c d 3 F D ) (r, a") = 

o o u o/ 4 

= L^(l(r,a v ),l)l , / =e(l;0), 

l\r,a u ) = e, =► (r(r,(7«)) 2 > £ (/"(r,^))', 



^ = e (lp l u - z rM /i rs z sv ) (r, a"). 



10 



The 3+1 splitting for which / M is constant, i.e. r- and <r r -independent, have the in- 
stantaneous 3-spaces corresponding to parallel space-like hyper-planes: when the frame is 
non-inertial these hyper-planes are not equally spaced due to linear acceleration and/or have 
rotating 3-coordinates, so that they are not Euclidean 3-spaces. 

The Wigner boost sending I into l^(r,cr u ) = —eflu) has the following expression 



li li ft 

k 03, 



P(r, a") = If {l{ T , a"), °l) = lt (r, a u ) (l; ft(r, a u )) = e\ l A (r, a u )^ f e^l(r, a u )), 
e»(l(T,a u ))^L»Mr,* u ),h, 

A " 11 e\ V AE e EBCD d, F B d 2 F c d 3 F D " [Z * } 

The orthonormal tetrads e^(7(r, a")) = L» A (l(T,a u ),°l), r]^ e^(/(r, e£(Z(T, a")) = t^b, 
are the columns of the Wigner boost. 

The Wigner boosts L^ v (u(t), u) has a similar parametrization in terms of parameters 

The M0ller admissibility conditions [6], [3], implying that the 3+1 splitting gives rise to 
a nice foliation of Minkowski space-time with space-like leaves identifying the instantaneous 
3-spaces S T , are 



eg TT (T,a u )= (1 + n) 2 - h rs n r n s j (r, a u ) > 0, eg rr (r, a u ) = -h rr (r, a u ) < 0, 



9rr(r,cr u ) g rs (T,a u ) 
g sr {r,a u ) g ss (r,a u ) 



h rr (r,a u ) h rs (r,a u ) 
h sr (r,a u ) h ss (r,a u ) 



>0, 



e ofet [<7 rs (r, a u )\ = - 7 (r, a") < 0, rfet [(? AB (r, a")] < 0. 



(2.9) 
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They are restrictions on the functions F^(t, a r ) of Eqs.(2.1). When they are satisfied, 
Eqs.(2.1) define a global (in general non-rigid) non-inertial frame. While linear accelerations 
are not restricted by Eqs.(2.9), rigid rotations are forbidden [3]. The condition eg TT {r, a u ) > 
implies that in each point a u the tangential velocity u(t, a u ) r(r, a u ) is less than c: instead 
with uj = u){j), like it happens in standard rotating coordinate systems, we get eg TT {r, R u ) = 

at the distance R u from the rotation axis where uj R = c, so that the time-like vector 
z^(t, cr u ) would become a null vector (the so-called horizon problem of the rotating disk). 

Since 1 + n(r, a u ) > gives the proper time distance from S r to £ r+ <z T along the world- 
line of the Eulerian observer through (r, a u ) with tangent vector Z M (r, <r"), the condition 

1 + n(r, a u ) > implies that S T and S T +dr intersect nowhere. By continuity this implies 
that the M0ller-admissible 3+1 splittings are nice foliations with space-like leaves tending 
to space-like hyper-planes at spatial infinity in a direction-independent way. 

Since the 3-metric h rs (r,a u ) is a real symmetric matrix, it can be diagonalized with a 
rotation matrix V(9 1 (t, ct")), V t = V^ 1 (0' 1 (t, a u ) are Euler angles). Therefore, by using the 
notations of Ref. [12] for canonical gravity in the York canonical basis, we can parametrize 
the 3-metric in the following form 5 . 

5 As shown in Rcf.[12] the basic variables of tetrad gravity are not the embedding z m (t, cr") but tetrads 
E^(t, a u ) , defined after an admissible 3+1 splitting of the space-time identifying the instantaneous 3- 
spaces S T . The quantities z^(t, <j u ) are now the transition coefficients from world components of tensors 
to S T -adapted components in radar coordinates a A = (r,a u ): E^ = z^E^ a y The 4- metric tensor is 

defined by the associated cotetrads: qab = E^ 11(a)(0) E^p . The gauge variables of tetrad gravity in the 
York canonical basis are six parameters of the Lorentz group acting on the flat (a) indices of the tetrads 
E^ a y the lapse (1 + n) and shift (n r ) functions, the Euler angles 9 l and the momentum variable conjugate 
to (f) 6 = 7 1 / 2 , i.e. the trace 3 K of the extrinsic curvature of the instantaneous 3-space S T . The volume 
variable 4> = 7 1 / 12 is determined by the super-hamiltonian constraint. The momenta it\ e \ conjugate to 
9 l , are determined by the super- momentum constraints. The symmetric 3-metric h rs = —eg rs can be 
put in the form h rs = J2 a ^aV ra (9 l )V sa (9 l ), where the eigenvalues (assumed non degenerate) have the 
expression A a = (f> 4 e 2 5^ 7a ° Ra . The two functions i? a describe the two physical degrees of freedom of 
the gravitational field. A gauge fixing for 9 % and 3 K implies the determination of the lapse and shift 
functions. 

Instead in non-inertial frames in Minkowski space-time, where gravity is absent, all the functions (n, 
n r , 7 = 12 , 9 l , R a ) parametrizing the components of the 4-metric gAB of Eq.(2.4) are gauge variables 
globally described by the embedding z^(t, a u ) of Eq.(2.1). 

In parametrized Minkowski theories (see the next Section), where the embedding is the basic variable, in 
absence of matter the super-hamiltonian and super-momentum constraints are replaced by the vanishing 
of the momentum /9 M (r, a u ) w 0, see Eq.(3.10), conjugated to z M (r, a u ). If we fix z m (t, a u ) like in Eq.(4.1), 
so that the 3-metric is completely fixed (#\ 7 and R a are given), then Eqs.(4.2) determine the lapse and 
shift functions. The extrinsic curvature is determined either from the variation of the unit normal to 
E T or from 3 K rs = 2(1 1 +w) (n r \ 3 + n s \ r - d T h rs ). 
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h rs (r, a u ) 



-eg rs (T,cr 



7 



1/3 



J2Q 2 a V ra(0 l )Vsa(9 l ))(r,a U 



= ^2 e (a)r (r,a u )e {a)s (T,a u ), 



l 1/6 QaV r( 



Ha) = 7 



-1/6 



Qa'Vraie 1 ), 



7 = deth rs , Q a = e E - 7 ^, 



(2.10) 



where e (a ) r (r, cr u ) and e r {a) (r,a u ), (J2 a e \a) e (a)s = J2 r e \a) e (b)r = S ab ) are cotriads and 
triads on S T , respectively. At spatial infinity we have e^(r, a") — > e( a ) r (r, a") — > 5 m . 
To express e( a ) r in terms of d r F A , we must find the eigenvalues and the eigenvectors of the 
matrix h rs in the form given in Eqs.(2.4). 

The three eigenvalues of the 3-metric are A a = 7 1 / 3 Q\ > 0. The positivity of the 
eigenvalues is implied by the M0ller conditions (2.9): Ai A 2 A 3 = 7 > 0, Ai + A 2 + A 3 = 



hn + h 22 + h 33 > 0, Ai A 2 + A 2 A 3 + A 3 Ai 



h n h 12 

h-21 h-22 



+ 



h u h 13 
h 3 \ h 33 



+ 



^22 h 23 
h 3 2 h 33 



> 0. 



This implies that the three 4- vectors z£(t, a u ) are space-like for every a, so that the unit 
normal / M (r, a u ) is time-like everywhere on the instantaneous 3-spaces. 

The M0ller condition eg TT {r,a u ) > of Eqs.(2.9) implies that z^(r,a u ) is everywhere 
time-like on the instantaneous 3-spaces E T . 

Let us remark that while the generic 3-spaces £ r have a 3-metric with 3 distinct eigen- 
values, there is a family of 3+1 splittings with two coinciding eigenvalues of h rs {r,a u ) and 
another family with all the 3 eigenvalues coinciding: they correspond to the existence of 
symmetries corresponding to the Killing symmetries of Einstein general relativity. 

The lapse and shift functions have the following expressions 



1 + n (r, a u ) = e z?(t, a u ) l,(r, a u ) = (-^ W , z* z? z$ zf) (r, a u ) = 

= (j-^ T ) + d T F^T,o u ))V(T,o u )- 

- E (f u (r) + d T F u (r,a u ])l u (r,a u ) > 0, 

u 

n r (r,a u ) = h rs (r,a u )n s (r,a u )=J2 (/» + d T F u (r, <7 W )) d r F u (r, a v ) 

u 

- (r(T) + d T F T (T,a v j)d r F T (T,a v ). 



(2.11) 
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Let us also remark that all the information carried by e^f A (r), i.e. the velocity and 
acceleration of the time-like observer x M (r), is hidden in the lapse and shift functions. 

The extrinsic curvature of the instantaneous 3-space Sr can be evaluated by means of 
the formula 3 K rs = 2 (n r \ s + n s \ r — d T h rs ), by using the Christoffel symbols associated 
to h rs for the 3-covariant derivatives n r \ s . 

In conclusion the relevant conditions on the functions f A (r), F A (r,a u ) of an admissible 
3+1 splitting of Minkowski space-time are ei 2 (r) > 0, 1 + n(r, a u ) > 0, eg TT (r, a u ) > and 
X a (r,a u )>0. 



Finally Eq.(2.10) suggests that it must be z£(t, o~ u ) = A M a (r, a u ) e( a ) r (r, a u ), where 
A(t, cr u ) is some Lorentz matrix, so that -e g rs = e 77^ A M a k u b e( a ) r e( h ) s = -e i] ab e^ a y e^) s = 

To find A(r, a u ) let us remember that in tetrad gravity in the York canonical basis (see 
Ref. [12]) the expression of the tetrads adapted to S r (Schwinger time gauge) in terms of 

o o A 

the unit normal l A and of the triads are = l A , = (0;e^). In terms of them 

o A o A o A 

we have V = (1 + n)E^ + e s ^n s E^ = (1;0) A . The world components of this vector 

0/1 o A o A o o A 

are V = z^V — z%, while those of E^ are E^ = z^E^ = zp e r ^, so that we get 

of 

Zr = C( a )r E( a )- For the un ^ n o rm &l we have / M = z\ l A . 

In Minkowski space-time our parametrization of the embedding uses the asymptotic 
tetrads and we have z\ = e^dAE B and / M = l A = e%(l). Therefore a set of tetrads 
adapted to £ r in the point (r, o~ u ) is given by the orthonormal tetrads e^(/(r, a u )) defined in 

o M 

Eqs.(2.8): they replace the adapted tetrads / M , E^ of tetrad gravity. Therefore, consistently 
with Eq.(2.10), we must have 



z?(T,a u ) = e» A d r F A (T,a u ) = e£(Z(r, a u )) e (a)r (r, a u ). (2.12) 



This implies z£ = (1 + n) l A + e s (a) n s e£(l) (r, a u ) = L» u (1(t, a u ), I) G u (r, a u ) with = 
(1+ra; ef x n s 



'(a) 

Eqs.(2.12) are a set of non-linear partial differential equations for d r F a (t, a). 



It is difficult to construct explicit examples of admissible 3+1 splittings. Let us consider 
the following two examples in which the instantaneous 3-spaces are space-like hyper-planes. 

A) Rigid non-inertial reference frames with translational acceleration exist. An example 
are the following embeddings 
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>df(r 



9r 



r )( x u ) = e(^p) , g rr (r,a u ) = 0, g rs (r,a u ) = -e5 rs . (2.13) 



This is a foliation with parallel hyper-planes with normal Z M = = const, and with the 
time-like observer a+(r) = + e^/(r) as origin of the 3-coordinates. The hyper-planes 
have translational acceleration x^(r) = e^/(r), so that they are not uniformly distributed 
like in the inertial case /(r) = r. 

B) As shown in Refs.[3], the simplest example of 3+1 splitting, whose instantaneous 3- 
spaces are space-like hyper-planes carrying admissible differentially rotating 3-coordinates 6 , 
is given by the embedding (cr = |a|; e{f are the asymptotic space-like axes and the unit normal 
is = e^: = const.; a^r, a) = F{a) a^r), i — 1, 2, 3, are Euler angles; R r s {ai{r, a)) is a ro- 
tation matrix satisfying the asymptotic conditions R t s (t, a) — > £r _ K30 5£, (9^ R r s (r, a) ^ a ^oo 0) 

^(r, = x"(r) + ejf iT s (r, a) a s , ^(r) = < + / A (r) 

iT a (r,<7) = R r s (a t (r,a)) = R r s (F( ( r)a t (T)), 

< F(o-) < -!-, ^-^V) 7^ (Moller conditions), 
A a da 



6 



As shown in Refs.[3], if we use the embedding z m (t, <t u ) = x^(t) + R r s (r) ct s such that ri r = fi r (r), 
then the resulting g TT (j, <j u ) violates M0llcr conditions, because it vanishes at a = a R = — 

x^t) e» R r s {r) (a x 0(r)) r + \Jx 2 (t) + [x^t) R r s {t) (<r x f2(r)) r ] 2 ] . We use the notations a u = a a u , 
O r = £10 r , a 2 = Cl 2 = 1. At this distance from the rotation axis the tangential rotational velocity 
becomes equal to the velocity of light. This is the horizon problem of the rotating disk. This pathology is 
common to most of the rotating coordinate systems quoted after Eq.(2.16) and in Appendices A and B. 
Let us remark that an analogous pathology happens on the event horizon of the Schwarzschild black hole, 
where the time-like Killing vector of the static space-time becomes light-like: in this case we do not have a 
coordinate singularity but an intrinsic geometric property of the solution of Einstein's equations. For the 
rotating Kerr black hole the same phenomenon happens already at the boundary of the ergosphere [13], 
as a consequence of the Killing vectors own by this solution. Let us remark that in the existing theory of 
rotating relativistic stars [14], where differential rotations are replacing the rigid ones in model building, 
it is assumed that in certain rotation regimes an ergosphere may form [15]: however in this case it is not 
known whether Killing vectors and a dynamical ergosphere exist, so that the horizon problem, arising if 
one uses 4-coordinates adapted to the Killing vectors, could be associated to a coordinate singularity like 
for the rotating disk. In the study of the magnctosphere of pulsars the horizon of the rotating disk is 
named the light cylinder (see Appendix B). 
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z£(r, a u ) = x»(t) - $ R r s (r, a) S sw e wuv a u a °^ a \ 

c 

z?(r,a") = 6%R k v (T,a)(5v + W {r)u (T,a)a"), 



eg TT (r,a u ) = ex 2 (r) - 2 ex^r) 6?R r s (r, a) S sw e wuv a u ^ ^ 

— E ekrs ° r ^ ( r ' ° ) efe ™ °" u ^ ( r > °") > 



n r (r,a) = -eg rr (r, a) = -ei^r) e£ i?\(r, a) ^ + fi( r)u (r, a) <7 U ) - 

- e smn cr +iZ (r)tt (r, crjcr J, 

^ s (r, a M ) = -e g rs (r, a u ) = 5 rs + (p r {s)u (r, a) + n 8 (r)u {r, a)) a u + 



C 



where (VV, a) d T R(r, <j)J v = S um e mvr ^^, d T R(r,a) u v = R\(T,a)5 nm e 
with Q r (r,a) = F{a)VL{T,a)h r {r,a) 7 being the angular velocity and with fi( r )(r, a) = 
-R _1 (r, <?) <9 r R(t, a). The angular velocity vanishes at spatial infinity and has an upper 
bound proportional to the minimum of the linear velocity f/(r) = x^l^ orthogonal to the 
space-like hyper-planes. When the rotation axis is fixed and f2(r, a) = uj = const., a simple 
choice for the function F(a) is F(a) = 1$^ 8 



Let us remark that the unit normal is / m (t, a u ) = = const, and the lapse function is 
1 + n(r, a u ) = e (z? Z„) (r, a M ) = e i^r). 

The embedding (2.14) has been used in the first paper of Ref. [10], on quantum mechanics 
in non-inertial frames, in the form z^(r,a u ) = x^(t) + F^(r,a u ) = 0(r)e^ + A r (r, a u ) 
with x% = 0, 9{t) = f T (r), A r (r, a u ) = f r (r) + R r s (T, a) a s , describing the freedom in the 
choice of the mathematical time r and with the world-line of the time-like observer having 
the expression x"(r) = e£0(r) + A r (r, 0), namely with f r (r) = A r (r,o) and / r (r) = ^ 
(w(t) is the ordinary 3-velocity). If we choose 6(r) = r, we get from Eq.(2.2) u^{r) = 



The lapse function is 1 +n(r) = f T {r). 



7 n r (r, a) defines the instantaneous rotation axis and < Cl(r,a) < 2max ^a(r), /3(t), 7(t)^ . 

8 Nearly rigid rotating systems, like a rotating disk of radius a , can be described by using a function F(a) 
approximating the step function 9 (a — a a ). 
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To evaluate the non-relativistic limit for c — > oo, where t — ct with t the absolute 
Newtonian time and d T = \ d t , we choose the gauge function F(a) = — ^ c -^oo 1 _ 

^ + 0(c~ 4 ). This implies 



R\(r,a) 



m (t\ - _ ff 



_ , , <9i? a r (r,cr) _ 4 
a,;(r) \f(<j)=i + 0(c ) 



d M R\( T ) 



uj 2 a 2 



dai 

% 

i? (1)a r (r) + 0(c- 4 ), 



(2.15) 



and we can introduce a new 3- velocity v(t) by means of w r {r) = c/ r (r) = -R r s (r) t> s (r). We 
have f2 r (r, cr) = fi(r)n r (r) + 0(c _1 ) for the angular velocity and fi( r )(r, cr) = + 0(cT 2 ). 

Therefore the corrections to rigidly-rotating non-inertial frames coming from M0ller con- 
ditions are of order 0(c~ 2 ) and become important at the distance from the rotation axis 
where the horizon problem for rigid rotations appears. 

Then, from Eqs. (2.14), (2.4), (2.7) and (2.11) we get 



z^r,a u ) -> x"(r) + €^R r s (r)a 



' ^e?R^ s (T)a s + 0(c-% 



h rs (r, a u ) 
n(r) 



x"(r) + e?d T R r s (r) a s + 0(c 
1 



= e£ + e(f / r (r) + - e{? iT.(r) e su „ fi«(r) a" + O(c^), 



R\(t) - %r i? (1)s u (r) (<5« a 2 + 2a u a v 5 vr ) + 0(c" 4 ), 



5 rs ~ 2 ^ E ^(r) + 2 aV" 5 ns ) + 0(c" 4 ), 

0, n r (r )( 7 u ) -> 1 (5 rs t; s (r) + eru ^ u (r)^) +0(c- 3 ). 



(2.16) 



There is the enormous amount of bibliography, reviewed in Ref. [16], about the problems 
of the rotating disk and of the rotating coordinate systems. Independently from the fact 
whether the disk is a material extended object or a geometrical congruence of time-like 
world-lines (integral lines of some time-like unit vector field), the idea followed by many 
researchers [6, 17, 18] (in Refs.[18] are quoted the attempts to develop electro-dynamics 
in rotating frames) is to start from the Cartesian 4-coordinates of a given inertial system, 
to pass to cylindrical 3-coordinates and then to make a either Galilean (assuming a non- 
relativistic behaviour of rotations at the relativistic level) or Lorentz transformation to 
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comoving rotating 4-coordinates (see the locality hypothesis in the next Subsection), with a 
subsequent evaluation of the 4-metric in the new coordinates. In other cases [19] a suitable 
global 4-coordinate transformation is postulated, which avoids the horizon problem. Various 
authors (see for instance Refs.[20]) do not define a coordinate transformation but only a 
rotating 4-metric. Just starting from M0ller rotating 4-metric [6], Nelson (see the second 
paper in Ref.[13]) was able to deduce a 4-coordinate transformation implying it. 

See Appendix A for the description of the rotating disk and the Sagnac effect in the 3+1 
framework. 

B. Congruences of Time-Like Observers Associated with an Admissible 3+1 Split- 
ting, the 1+3 Point of View and the Locality Hypothesis 

Each admissible 3+1 splitting of Minkowski space-time, having the time-like observer 
a+(r) as origin of the 3-coordinates on the instantaneous 3-spaces E T , automatically deter- 
mines two time-like vector fields and therefore two congruences of (in general) non-inertial 
time-like observers: 

i) The time-like vector field Z^(r, a u ) of the normals to the simultaneity surfaces S T (by 
construction surface-forming, i.e. irrotational), whose flux lines are the world-lines xf To a u(r), 

u^{t) = , ,' 2 T °'' T ° — , u^ Toa u{j ) = / M (r ,a"), of the so-called (in general non-inertial) Eule- 

rian observers. The simultaneity surfaces S T are (in general non-flat) Riemannian 3-spaces 
in which every physical system is visualized and in each point the tangent space to S T is the 
local observer rest frame of the Eulerian observer through that point. The 3+1 viewpoint of 
these observers is called hyper-surface 3+1 splitting. 

ii) The time-like evolution vector field / TiT ' 17J =<9„, which in general is not surface- 

y?eg TT (T,a) 

forming (i.e. it has non-zero vorticity like in the case of the rotating disk). The observers 
associated to its flux lines x't a u(r) = z^(t, a - "), n't a u(r) = / r ^"'°^ =, have the local observer 
rest frames, the tangent 3-spaces orthogonal to the evolution vector field, not tangent to S T : 
there is no notion of 3-space for these observers (1+3 point of view or threading splitting) and 
no visualization of the physical system in large. However these observers can use the notion 
of simultaneity associated to the embedding z^{t, a), which determines their 4- velocity. Like 
for the observer x M (r), their 4-velocity is not parallel to Z M (r, o~ u ). The 3+1 viewpoint of 
these observers is called slicing 3+1 splitting. 

Every 1+3 point of view considers only a time-like observer (either o+(t) or x^ To a n(r) or 
x z,<t%(, t )) aR d tries to give a description of the physics in a region around the observer's world- 
line assumed known. Since there is no global notion of simultaneity, namely of instantaneous 
3-space, one identifies the space-like hyper-planes orthogonal to the observer unit 4-velocity 
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u obs( T ) & t ever Y instant r (the observer local rest frames) as local instantaneous 3-spaces 
^obsr (strictly speaking it is a tangent space and not a 3-space). Then one makes a choice 
of a tetrad V^ A {{r)) = (<Jr); V£ (r) (r)) , ^ V*. (A)( T ) V obs(B)( T ) ~ V(A)(B)- The space 
axes V^ s ^(t) can be chosen arbitrarily, even if often they are chosen as the tangents to 
three space-like geodesies on £ &st at the observer position. After parallel transport of the 
tetrad to the points of S obsr not on the observer world-line one tries to build an accelerated 
^-coordinate system having the observer as origin of the 3-coordinates [21]. In the case of 
the tangents to space-like geodesies one builds a local system of Fermi coordinates around 
the observer world-line [22] (see also Ref . [23] for an updated discussion of fermi- Walker and 
Fermi normal coordinates). 

The drawback of this construction is that the r-dependent family of hyper-planes T> b ST 
will have hyper-planes at different r's intersecting at some distance from the observer world- 
line, usually estimated by using the so-called acceleration radii of the observer. This implies 
that every system of accelerated 4-coordinates of this type will develop coordinate singu- 
larities when the hyper-planes intersect. As a consequence it is not possible to formulate a 
well-posed Cauchy problem for Maxwell equations in these accelerated coordinate systems: 
they can only be used for evaluating local semi-relativistic inertial effects. 

At each instant r the tetrads V^ bs ^{j) coincide with some Lorentz matrix V^ bs ^{r) = 
A^ u=a (t), which connects the reference inertial frame to the instantaneous comoving inertial 
frame associated with the accelerated observer at r. A possibility is to use the tetrads 
£A.( u °bs( T )) associated with the Wigner boost L fl u (u obs ( y T),u obs ). This fact is at the heart of 
the locality hypothesis [24] according to which an accelerated observer is physically equivalent 
(for measurements) to a continuous family of hypothetical momentarily comoving inertial 
observers. 

If we parametrize the Lorentz transformation A(r) as the product of a pure boost with a 
pure rotation A(r) = B{(5{t)) 1Z{ol{t), /3(t), 7(t)) and we call R r s (r) = lZ r s {r), we can write 
(from Eq.(2.8) we have B*0{t)) = V k + ( 7 (r) - 1) ggf^l ) 

yv- ( T ) - am (r) - I Vi-^M Vi-^W I (o 17) 

) A ~ A{T) { ^ mr) B'*)) ) ' ' ' 

Let us define the angular velocity ccv(r) by means of d — e ruv uj u (t) R%(t). Even if 

the observer is connected with the embedding z M (r, a), this angular velocity is not related 
to the angular velocity defined after Eq.(2.14). 

Finally, if we write 
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A*.(A) (B, (r)^ (fl) (r), 



obs (A) 




=>" A>&s(A)(B)(t) 



^M" K*s(B)( r )> 



(2.18) 



and we introduce the definitions a ohsr {r) = A te ( T )( r )(r), Q obsr (r) = \ e ruv A bs(u)(v)(r), then 
the acceleration radii have the following definition [24]: h(r) = J2 r (&lbsr( T ) ~ a o&sr( r ))> 
^(t) = J2 r a obsr(j) fi f, sr (r). By means of Eq.(2.17) they can be expressed in terms of the 
parameters of the Lorentz transformation and their r-derivatives. 

Finally let us remark that given an admissible 3+1 splitting of Minkowski space-time, the 
infinitesimal spatial length dl in the instantaneous 3-spaces S T is defined by putting dr = 
in the line element ds 2 = g AB (r,a u ) da A da B ', namely we have dl 2 = g rs (r,a u ) da r da s . 
This global, but coordinate-dependent, definition has to be contrasted with the local, but 
coordinate- independent, definition used in the 1+3 point of view as it is done for instance 
in Landau-Lifschitz [17]. This definition is only locally valid in the local rest frame of an 
observer: since there is no notion of instantaneous 3-space it cannot be used in a global way. 
For a detailed comparison of these two notions of spatial length see Section II of the first 
paper of Ref . [3] . 

C. Notations for the Electro-Magnetic Field in Non-Inertial Frames 

Let us add some notations for the electro-magnetic field in the non-inertial frames, where 
the instantaneous 3-space is either curved or flat but with rotating coordinates [in both cases 
it is not Euclidean and has the 3- metric h rs of signature (+ + +)]. 

The basic field is the electro-magnetic potential A A = (A T ;A r ). We have A A = 
(A T ;A A ) = g AB A B = g Ar A T + g As A s . Instead in inertial frames we have A T = eA T , 

In non-inertial frames it is convenient to introduce the following "Euclidean" notation: 
A r = h rs A s ^ A r (in inertial frames: A r = A r = -eA r ) 

We shall adopt the following conventions for the electric and magnetic fields in terms of 
F AB = d A A B -d B A A 9 : 

a) In inertial frames we have 10 



def - — 

In the inertial case, where h rs — S rs implies V r = V r = V r for the components of 3-vector V not 
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E = -F = F rr = E r 



B — -f F — - f F uv — B r F — F uv — f B — f B r (2 

±j r truv 1 uv 2 c ruv - 1 ^ i 1 uv ± c uvr J -'r c mir J -> ■ \^ ml - u ) 



b) In non-inertial frames we put the definitions 

E r F TT) B r — € ruv F UV) F rs 6rs« B u . (2.20) 

Since we have 



F AB = g AC g BD = {g Ar g Br _ g Ar g B T) ^ + g Ar g Bs ^ = 

= (9 Ar 9 Bt - 9 At 9 Br ) E r + e rsu g Ar g Bs B u , 



[9 9 -9 9 )^r + trsn 9 9 B n 

l^ur 771 j r 7 us r) 

It, JZ/ r -|- , -.r, t rsn It, It, -D n , 

(I + n) 1 

(g ur g TV -g TU g vr )Er + e rsn g ur g vs B n 

I uur „d h vr rr,ii\ rp , „r /„» 1.11s rr .ut,us\. 



+e „„(^ - a {a ( n ~- ;r ft ' )*•■ < 2 - 2i > 



(i + „)2 ™v" (i + „y- 

by analogy with inert ial frames we can put 



pTr d jy pr E r = E r + n m 7^ E r = h rs E 



(l + n) 



def rSr fyr ^ 



rpuv rSr fyr ~F U n v 4- 



+ tmv tksn ( h u h vs — — — ) h nm B m ^ B r = h rs B s . (2.22) 

V (1 + n) z 



being the vector part of a 4-vector (like E and B), we can use the vector notation E = {E r } = {E r } 7 
B = {B r } = {B r }, & = E r El = J2 r (E r ) 2 , B 2 = Er B 2 r = E, , % x B)r = E uv e,™ V? B v = 
Euv eruv ViB v , x B) r = Euv e ™v E u B v = Euv e ™v E u B v . Since V r = h rs V s £ V\ we are not 
going to use the vector notation in non-inertial frames. 

e uvr is the Euclidean Levi-Civita tensor with £123 = 1; e uvr is never introduced. 
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III. PARAMETRIZED MINKOWSKI THEORIES AND THE INERTIAL REST- 
FRAME INSTANT FORM FOR CHARGED PARTICLES PLUS THE ELECTRO- 
MAGNETIC FIELD. 

In this Section we will give a review of the description of the isolated system " N charged 
positive-energy scalar particles with Grassmann-valued electric charges plus the electro- 
magnetic field" [9] in the framework of parametrized Minkowski theories [1, 5] (see also the 
Appendix of the first paper in Refs.[ll]). 

Let be given an admissible 3+1 splitting of Minkowski space-time centered on a time-like 
observer x M (r). Let a A = (r;a u ) be the adapted observer-dependent radar 4-coordinates 
and z^(t, a u ) the embedding of the instantaneous 3-spaces S T into Minkowski space-time as 
seen from an arbitrary reference inertial observer. Let gAB(j,a u ) = z^ij, a u ) rj^ z b (t, a u ) 
be the associated 4-metric. 

The electro-magnetic field is described by the Lorentz-scalar potential A a (t, a u ) knowing 
the equal-time surface. The field strength is F A b(t, a u ) = {&a A b — Ob AaJ (t, a u ). 

The scalar positive-energy particles are described by the Lorentz-scalar 3-coordinates 
t)1(t) defined by xf(r) = z M (r, rjf (t)), where xf(r) are their world-lines. Qi are the 
Grassmann-valued electric charges satisfying Qf = 0, Qi Qj = Qj Qi ^ for i ^ j. Each Qi 
is an even bilinear function of a complex Grassmann variable 0j(r): Qi = e6*{r) 9i(r). 

As shown in Ref . [9] the description of N scalar positive-energy particles with Grassmann- 
valued electric charges plus the electro-magnetic field is done in parametrized Minkowski 
theories with the action 



J drd 3 aC(r,a u ) = J drL(r), 



N 



i=l 



N 



- J2^(^-vUr)) m t c \g T r(r, cr u ) + 2 g rr (r, or*) ^(r) + g rs (r, a") 7)[(r) 7)f(r)]- 



i=l 



Qi{r) 



A T (T,a u )+A r (r,a u )r]l(T) 



1 ^-g{r,^)g AC {r, a u ) g BD (r, a u ) F AB {r, O F CD (r, a u ). 



(3.1) 
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The canonical momenta are (for dimensional convenience we introduce a c factor in the 
definition of the electro-magnetic momenta) 



dC(r, a u ) 
dz?(r, <j u ) 



N 



z T ^(r, a u ) + z r ^r, <7 u )t)[(t) 



tt ^e[g TT (r,a-) + 2g Tr (r,a-)r l l(r) + g rs (r, a") ^(r) r,?(r) 



+ 



+ e 



4c 



{g TT z T , + <T z r ,) g AC g BD F AB F CD - 



- 2(z T »(g A Tg^ g Bn + g AC g Br g rn ) + 



+ z r ,(g Ar g^+g^g^)g B1J )F AB F CD ) (r,a 



[(p,n^+^<)7 rs ^](r,o, 



7r T (r,0 = c — — - = 0, 

oo t A t (t, (j J 

dd T A r (T,a u ) ^/-g^T^cru} 

1 + n(T, a u ) V / 



Ki r ( T ) 



dL{i 



d #(t) 



g T r(T,vt(r))+9rs(T,vt(r))rit(r) 



y/e [g TT (r, V ?(t)) + 2 g Tr (r, V ?(t)) ^(r) + g rs (r, V f(r)) rf^r) j)f (r)] ' 



Wi(r) 2 9fi(r) 2 

The following Poisson brackets are assumed 
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{A a (t, a"), n B (r, a' u )} = crfi 5 3 (a u - a' u ), {r?[(r), Kja (r)} = +6 tJ 5 r s , 

{^(r),7r^(r)} = -5 tv mr),^*^)} = -5 iy (3.3) 
The Grassmann momenta give rise to the second class constraints 



*0i + ft « 0, n e » i + ft*> 0, {n ei + ft, n e * j + ft} = -iS ij: (3.4) 
so that n 01 and ir g *i can be eliminated with the help of Dirac brackets 



{A B}* = {A, B} - i [{A, n 6i + ft}{v e * i + ft, B} + {A, ir 6 * < + ft}Uoi + ft, B}]. (3.5) 

As a consequence, the Grassmann variables 9i(r), 0*(r), have the fundamental Dirac brackets 
( we will still denote it as {., .} for the sake of simplicity) 

{^(tU-(t)} = R*(r),0*(r)} = 0, {9 t (r),9*(r)} = -iSy. (3.6) 

If we introduce the energy-momentum tensor of the isolated system (in inertial frames 
we have T±± = T TT and T± r = S rs T TS ) 



T AB (r,a u ) = 2 



y/g(T,a u ) Sg AB {r, a u Y 
T» v = z\ z v B T AB = F l v T ±± + (F < + l v z$) Y s T ±s + z? z* T rs , 

T LL = l,l u T^ = {l + n) 2 T T \ 

T ±r — 1^ z rv T^ v — — (1 + n) h rs (T TT n s + T TS ), 

T rs z r ^ z s y T^ 1 n r Ti s T -\- {jx r h su -\- n s h ru ^j T -\- h ru h sv T , 
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T ±± (r,a u ) = ( 



*V*-ltf(T)) 



2 



/l rs 7T r 7T S + /l" /l™ F ru F„ 



= ( 



m, 2 c 2 + /i rs 



ft,; 



AT 



<5V u -77?(t)) 



T 



c 



thru the 



7 (l+n)2 V(l + n)V7 



n m n 



m 2 



+ 



~l~ 2 ^ rs 



^vr'vr" 1 1 



7 



— i— _ 7i (m h uv f, f 
2 mi> 



+ 



i x/tF^ 1 ) 



Qi A 



+ 



mj c 2 + h uv 



ft. 



t (r)-H] [^(r)-f A 



F rl F sm j(r,a u ) 

(3.7) 



then from Eq.(3.2) we get 



r-gz A ,r A ){r^ u ) = 
= ((l + n ) 2 v ^T-/ M + (l+n) v ^ 
= (yi[l»T^- z ril h rs T^{T,<j u ). 



rprr _|_ rprr 



] ^)(r,(X u ) = 



(3.8) 



Let us remark that, since all the dependence on the embeddings is in the 4-metric, the 
Euler-Lagrange equations for the embeddings z m (t, a u ) associated with the Lagrangian (3.1) 
are (the symbol '=' means evaluated on the solutions of the equations of motion) 



J^^) = \^' dA d^ A )^ a) = 2 ^ dA 



^T AB z» B 



(3.9) 



where T ab -b(t, a u ) is the covariant derivative associated to the 4-metric Qab(t, & u ) induced 
by the admissible 3+1 splitting of Minkowski space-time. 

They may be rewritten in a form valid for every isolated system (d A T ab Zj^j (r, a u ) = — 

^-^d A [y^gz^}T AB Yr,a u ). When d A [V^9 z bK t , O = °> as Jt happens in inertial 
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frames in inertial Cartesian coordinates, we get the conservation of the energy-momentum 
tensor T AB \ inertiah i.e. dAT AB \ inertial = 0. Then, after integrating over a 4- volume bounded 
by a 3-volume V\ at Ti, a 3- volume V 2 at r 2 > t\ and a time-like 3-surface Si 2 joining them 
and with section S T , boundary of a 3-volume V T , at r, we get J* y d 3 aT AT \ inertia i(T : a u ) = 
— f s d 2 T, B T AB \ inertia i{T, a u ), namely the time- variation of the 4-momentum contained in 
V T is balanced by the flux of energy- momentum through the boundary S T . For infinite 
volume and suitable boundary conditions we get the conservation of the 4-momentum P A = 

Otherwise, in non-inertial frames and also in inertial frames with non-Cartesian coor- 
dinates we do not have a real conservation law, but the equation T ab ;B (t, <j u )=0, which, 
like in general relativity, could be rewritten as a conservation law 8b (r AB + t AB Yr, <r u )=0 
involving a coordinate-dependent energy- momentum pseudo-tensor describing the "energy- 
momentum" of the foliation associated to the 3+1 splitting. Moreover a quantity as 
J E cPY>b T AB \non-inert%ai{j-, c u ) is not a tensor under frame-preserving diffeomorphisms (even 
when Tnon-inertiai transforms correctly as a tensor density), so that it cannot give rise to a 
well defined coordinate-independent quantity. However, differently from general relativity 
where the equivalence principle says that global inertial frames do not exist, in Minkowski 
space-time it is always possible to revert to inertial frames and to find the standard 4- 
momentum constant of motion, which is a 4-vector under the Poincare' transformations 
connecting inertial frames. 

At the Hamiltonian level from Eqs.(3.2) we obtain the following five primary constraints 
7i T (T,a u ) w 0, 

H,(r,a u ) = p^T,a u )-l,(T,a u )y/^F^)T ±± (T,a u ) + 

+ z r ,{r, a u ) h rs (r, a u ) VW^)T ±s (r, a u ) » 0, (3.10) 

The Lorentz-scalar primary constraint tc t (t, a u ) xs is a consequence of the invariance of 
the action under electro-magnetic gauge transformations. 

The canonical Hamiltonian H c is 
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N r rl i 

H c = +J2^(r)vl(r)+ d 3 a - n A d T A A - Pfl z? - C (r,a u ) = 



- c J d 3 a [<9 r (n r {r,a u )A T (r,a u )^ - A T (r, a u ) T(r, a u )] = ~ J d 3 a A T (T,a u )T(r,a u ), 

(3.11) 



after the elimination of a surface term and the introduction of the quantity 



JV 



T(r, O = d r 7r r (r, a u ) + £ * V - ^(r)). 



(3.12) 



As a consequence, the Dirac Hamiltonian is 



v 



d 6 a 



(3.13) 



Here A M (r, <x u ) and /i(r, cr") are the Dirac multipliers associated with the primary con- 
straints. 

The requirement that the five primary constraints be r- independent, i.e. 
{-K T (r,a u ),H D } ps 0, {7i M (r, a u ), H D } 0, implies only the Gauss' law secondary 
constraint 



r(r,a u ) « 0. 



(3.14) 



The 6 constraints are all first class, since they satisfy the following Poisson brackets 



{T(r,a u ),^(T,a' u )} = {T(r, a u ),H,(r, a '«)} = K(r, <t"), W„(t, <t' u )} = 

, 1 / 7T r 

{HJt, a u ),H u (T, a ")} = -( [In z rv - l u z rfl ] — - 

c V 

F rs h sv zjj (r, a") T(r, a") 5 3 (a" - a'") « 0. (3.15) 



The constraints 7r r (r, cr") rs and T(r,a u ) p=* are the canonical generators of the 
electro-magnetic gauge transformations. 

Instead the constraints 7^(t, <x m ) rs generate the gauge transformations from an ad- 
missible 3+1 splitting of Minkowski space-time to another one. These constraints can 
be replaced with their projections H r (r,a u ) = Hn(r,a u ) z^(t,<j u ) ps 0, H±(r,a u ) = 
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Ti^ir, a u ) Z m (t, a u ) 0, tangent and normal to the instantaneous 3-space S T respectively. 
Modulo the Gauss law constraint r(r, a u ) w 0, the new constraints satisfy the universal 
Dirac algebra of the super-hamiltonian and super-momentum constraints of canonical met- 
ric gravity (see the first paper in Refs.[ll]). The gauge transformations generated by the 
constraint TC±(r,cr u ) change the instantaneous 3-spaces S T (i.e. the clock synchronization 
convention), while those generated by the constraints H r (r, a u ) change the 3-coordinates on 
E T . 

The Hamilton-Dirac equations are 



dr 



= ^(l + n)F + n r z^(r : a u ) = -e\^r,a u ), 



dA T (r, a 1 



= {A T (r,a u ),H D }=fi(r,a u ), 



dA r (T,a u ) o 



dr 



{A r (r,a u ),H D } = - J d 3 a' [ ( A M P Vt) (t, a u ) {A r (r, a u ),T ±± (r, a' u )} - 
- (A„ < h us ^7) (r, {A r (r, a"), T ±s (r, a u )} + 

c J 



<9r 



- J d 3 a' [(a^VtHt,^) {7r r (r,0,^(T^' u )} 



dr 



(A, < ^ s Vr) (r, a'") K(r, a"), T ±s (r, a'")}] , 

K( T ), J ff D } = - J rfV [(A M r«V7)(r^' u ) {i£(r), T ±± (r, a' u )} - 
(A, V V7) (r, K(r), T ±s (r, a")}, 

{« ir (r), J ff D } = - / dV [fA M r u y7)(r,a' u ){^)^±±(^^' U )}- 



+ -A T (r,a u ){K, tr (r),T(r^ u )} 



(3.16) 
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The Grassmann-valued electric charges are constants of the motion, =0. 
Since the embedding variables z^(t, <j u ) are the only configuration variables with Lorentz 
indices, the ten conserved generators of the Poincare transformations are: 

P» = J d s aff(r,a u ), = j ' d 3 a(z" p v - z v p»)(T,a u ). (3.17) 

The determination of the radiation gauge of the electro- magnetic field in non-inertial 
frames will be done in the next Section. 
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IV. THE HAMILTON! AN DESCRIPTION OF CHARGED PARTICLES AND 
THE ELECTRO-MAGNETIC FIELD IN NON-INERTIAL FRAMES 



In this Section we study the system of charged positive-energy scalar particles plus the 
electro-magnetic field in a given admissible non-inertial frame. Then we define the radiation 
gauge in non-inertial frames. 

A. The Hamilton Equations in an Admissible Non-inertial Frame. 

Let us choose an admissible 3+1 splitting of the type (2.1) by adding the gauge fixing 
constraints 



X (r,a u ) = z^r,a u )-z F (r,a u )^0, 

z F (r, O = x^r) + F"(r, a»), F"(r, 0) = 0, (4.1) 

to the first class constraints H^t, a u ) ks of Eqs.(3.10). 

From the Hamilton-Dirac equations (3.16) we have that the Dirac multipliers A M (r, a u ) 
in the Dirac Hamiltonian (3.13) take the form 

A"(r,(7") = -e (V(r) + dF ^ U ^ = -ez FT (r,a u ) = 
= -e [(1 + n F ) l F + n r F d r F<A (r, a"), 

-\ fl l F = l + n F , \^z Fs h s ; = n F . (4.2) 



7i M (r, a u ) ~ and %(r, a u ) rs are second class constraints 11 , which eliminate the 
variables z^(r,a) and p^{r,a u ). If we go to Dirac brackets, so that these constraints be- 
come strongly zero, the Dirac Hamiltonian does not depend any more upon the constraints 
H^r,a u ) »0. 

To find the new Dirac Hamiltonian H D F at the level of Dirac brackets (still denoted 
{., .}) let us put the Dirac multiplier (4.2) in the Hamilton-Dirac equations (3.16) for all the 
variables T = A T , A r , 7i r , r}\, n ir independent from the embeddings and their momenta 

11 We assume {H^t, ct"), x(t, )} ^ as a restriction of F^{t, a u ) 
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dF{..) o 



dr 



m..),H D } = 
= J rf 3 ff {f(..),(yH (1 + / 1 /-^ T r)(r ) /)} = 

= J d 3 a {?(..), ((1 + n F ) V7^T ±± + n r F y^T ±r + n n r - l - A T r) (r, a u )} = 

(4.3) 



^ {H-),H DF }. 



As a consequence the new Dirac Hamiltonian is 



D F 



J d 3 a ((1 + n F ) ^T ±± + n r F ^T ±r + fx n T - ± A T r) (r, a") 



= d 3 a((l+n F (r,a u )) y/ lF {r, a-) T' ±± (r, a u ) + 



+ 63 (° U - lUr)) ( \]m1 c 2 + h r F s ( Kir (r) ~^ A r) (««(r) - ^ A s ) ) (r, a") 



c 



+ nj.(r,<7«) 



i F rs (r, a") 7T*(r, a u ) - £ - <(r)) (^ r (r) - ^ A r (r, <7«)) 



+ /i(r, <t«) 7r T (r, O - - A r (r, a") T(r, , 
where the energy-momentum tensor is evaluated at z^{r, a u ) = z f (t, a u ) 



(4.4) 



V7f(^ <t u ) 



/#(r, <r u ) /^(r, a") F ru (r, a") F w (r, a") ) . (4.5) 



The Hamilton-Dirac equations for the particle positions take the form 



\ 



: c 2 + hf (k iu {t) - f A u ) (^(r) - f A,) J 



m: 



- n F (rX(r)l 
which can be inverted to get 



(t,vUt))- 

(4.6) 
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/tj r (r) 



hFrs(T,r)i(i~))miC [Vi( T ) + n 



n F ) - h Fuv (ji?(t) + ra>) (rf^r) + r#) 



fritf(r)) + 



1 + 



Q 



+ ^A-(r,^(r)). 
For the particle momenta we get the Hamilton-Dirac equations 



(4.7) 



d K M ± Qi dA u (r, V f(r)) Q t d A t {t^(t)) 

fr«rW- — Vi (r) ^ + — ^ + J- ir {r), 



rrii c 



1 + n F 



■ {t) = ( / L 

^ (l + n F ) - /i Fttt) (t)V(t) + r#) (#(r) + r#) 

( ^y r)) («(r) + nMr,«) (tf(r) + r* ( T,tf(r))) ^ M(r)) 



+ 



^(r,^(r)) 
0tf 



+ 



W^ftr)) (^(r)+<(r,^(r))) ), 



(4.8) 



where ^ r (r) denotes a set of relativistic inertial forces. 

As a consequence, the second order form of the particle equations of motion implied by 
Eqs. (4.7) and (4.8) is 



d_ 

dr 



h Frs rrii c 



\ 



^ Q 

c 



dA u (T, V t(r)) dA r (T, V f(r))\ , /&4 T (r, ^(r)) dA r {r^{r)) 



4» 



drft 



dr)] 



dr 



+ 
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or 



rrij c 



d_ 



\ 



r)!{T)+n s F 



+ 



^(t.i^t)) dA r (T,riUr)) 



drj. 



dr 



( 



rrij c 



(l + np) h 



yj (l + - h Fuv (j#(t) + n>) (t)v(t) + raj,) 
^/i Fst (r,77f(r)) 



tf(r)+nJ.(T,i£(r)) i)?(r) + n*.(r, tf(r)) - 



dn F {T,rft{T)) dn 8 F {T,r^{r)) 



+ 



hFst(r,vt(r)) (v$(T)+n F (T,r]t(T))) ) 



dra[ dra[ 



(4.9) 



Here ^"j r (r) is the form of inertial forces whose non-relativistic limit to rigid non-inertial 
frames is evaluated in Subsection C. 

If, as in Eqs.(2.20), we define the non-inertial electric and magnetic fields in the form 12 



„ def ( dA T dA r 
h/ r = 



drjl dr 



def 1 



B r £ruv Fuv ^ruv 9 U A_\_ v =^ F uv &uvr B r , 



(4.10) 



12 In the inertial case Eqs.(2.19) and (3.2) imply n s = —5 sr E r = —E s , so that the components of the 
energy-momentum tensor are T TT = (^E 2 + B 2 ^j, T Tr = \ [e x _b) . 
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the homogeneous Maxwell equations, allowing the introduction of the electro-magnetic po- 
tentials, have the standard inertial form e ruv d u B v — 0, e ruv d u E v + i = 0. 
Then also Eqs.(4.9) take the standard inertial form plus inertial forces 



d_ 

o Qi 



h Frs rriiC (j]-(t) + n s F ^ 



\ 



[Ml + n^ - h Fuv (fi?(T) + n F ) (^(r) + n F ) ) 



[E r + e ruv ^{t)B v } (r, # (r)) + T ir {r). 



(4.11) 



The Hamilton-Dirac equations for the electro-magnetic field are 



^A T (r,a u ) = c/i(r,a"), 

^Mr,cr u ) = (^A T + ^^h Frs 7r s + n F F sr yr,a u ), 
d_ 



da r ^ F 
7T r (r,a u ) = £ Q^[(r) 5 V ~ ^)) + 



+ 



_d_ 



[(1 + n F ) ^h r F s h% F uv - (n s F 7i r - n r F vr s )] ) (r, a u ). (4.12) 



Eqs.(4.12) imply 



1 + n F 



= -V-9F(r,a-)g F A (r, a u ) g s F B (r, a u ) F AB (r, a u ). (4.13) 
If we introduce the charge density p, the charge current density j r and the total charge 

Qtot = J2i Qi 011 S r 



7(r,0 



1 N 



^(r)5 3 K-^(r)), 



Qtot = J d 3 a VtfCt, <j u ) p(r, a u ), 
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(4.14) 



then the last of Eqs.(4.12) can be rewritten in form 



d 

dir r (r,a u ) d 



n r (r,a u ) » -y/lF(T,a»)p(r,a% 

da s F vu - (n s F n r -n F n s )] (r, a u ) + 



dr 



+ y/ lF (T,*")T(T,* u ). 



(4.15) 



If we introduce the 4-current density s (t,<j u ) 



1 N 



AT 



^(r,0 = - £ Q^[(r)5 3 K-^W), (4.16) 

and we use (4.13), then Eqs.(4.15) can be rewritten as manifestly covariant equations for 
the field strengths as in Ref . [25] 



d 



r- , , V-9F(T,o»)gF(T,*n9$ D (T,^F BD (T,v«j\ = -s c \r,a u ). (4.17) 

Eqs.(4.17) imply the following continuity equation due to the skew-symmetry of Fab 



d 



y/-g F (T,a u ) da c 



y/-g F (T, a u )s c (T, a u ) 



0, 



or 



1 d 



V / 7f(t, <j u ) dr 



+ 



d 



^ F (r,a u )T(r,a u ) 



= 0, 
(4.18) 



so that consistently we recover Q tot — 0. 

See Appendix B for the expression of the Landau-Lifschitz non-inertial electro-magnetic 
fields [17]. 
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B. The Radiation Gauge for the Electro-Magnetic Field in Non-Inertial Frames. 



In Appendix C there is a general discussion about the non-covariant decomposition of 
the vector potential A(r, a u ) and its conjugate momentum n(r, a u ) (the electric field) into 
longitudinal and transverse parts in absence of matter. Only with this decomposition we 
can define a Shanmugadhasan canonical transformation adapted to the two first class con- 
straints generating electro-magnetic gauge transformations and identify the physical degrees 
of freedom (Dirac observables) of the electro-magnetic field without sources. This method 
identifies the radiation gauge as the natural one from the point of view of constraint theory. 
Here we extend the construction to the case in which there are charged particles: this will 
allow us to find the expression of the mutual Coulomb interaction among the charges in 
non-inertial frames . 

As in Eq.(C3) let us introduce the non-covariant flat Laplacian A = ^ r df. in the instan- 
taneous non- Euclidean 3-space S T . We use the non-covariant notation d r = 5 rs d s relying 
on the positive signature of the 3-metric hprsij, cr u ) = —egFrsij,o~ u ). Since we have: 



==!= =) =^(<7V' W ), or±*W' u )= 1 ' 



^ VEu(v u -v' u ) 2 J A 4tt VE„(^-^' U ) 2 ' 

(4.19) 

with 8 3 (a u ,a' u ) the delta function for S r 13 , we can introduce the projectors 



P rs (a u ,a' u ) = 5 rs 5 3 (a u ,a' u )-d r d s (-— - 1 ) = P™(a u ) 5 3 (a u , a' u ), 

Pl s (a u ) = 5 rs - (4.20) 

As a consequence the transverse part of the electro-magnetic quantities (<9 r A± r = 
d r A± r = 0, d r n\_ = 0) are 

A ±r (r,a u ) = 5 ru j d 3 a' P rs (a u ,a' u ) A s (r,a' u ) = 5 ru Pr(o- u ) A s (r,a u ), 
7i r ± (r,(T u ) = [ d 3 v'P rs (v u ,v' u )n s (T,o-' u ) P r ± s (a u )7r s {T,a u ). (4.21) 

s s 

Therefore the Gauss law constraint (3.12) implies the following decomposition of vr r (r, a u ) 



13 



The delta functions are defined in Appendix C after Eq.(C3). 
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n r (r,a u ) = ir r ± (r, a u )+d r I d 3 a' I - 



(4.22) 



If, following Dirac [26], we introduce the variable canonically conjugate to T(r,a u ) (it 
describes a Coulomb cloud of longitudinal photons) 



Ve 



■<*■*■> = - l*'{-h 



Y 1 l> , 'AAT,a")\, 

\ r J 



(4.23) 



y/Eu(°*-° ,u ) 2 
{r ?em (r,a«),r(r, ( T'")} = 5 3 K,a'"), 
we have the following non-covariant decomposition of the vector potential 

A r (r, ° u ) = A ±r (r, a u ) - d r r) em (r, a u ). (4.24) 

If we introduce the following new Coulomb-dressed momenta for the particles 



M r ) = M r ) + — Tr^Vem(r,Vi(r)), 
c dr}\ 



Mr) - - A(rX(r)) = - 5i A ±r (r,^(r)) 

c c 



(4.25) 



we arrive at the following non-covariant Shanmugadhasan canonical transformation in non- 
inert ial frames 



A r (r,a u ) 


Vl(r) 




A ±r (r,a u ) 


Ve m (r, cr u ) 




7r r (r, a u ) 


K ir{r) 




*±(r,(T u ) 


T(r,a u ) « 


/tj r (r) 



{A ±r (T,a u ),nUT,a^} = cP rs (a u ,a' u )=cPr(a u )S 3 (a u ,a' u ), 
K(r),^(r)} = 51^. (4.26) 



The electromagnetic part of the hamiltonian (4.4) can be expressed in terms of the new 
canonical variables, since we have: 
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J d 3 cr y/i(r, a 1 



(l+n F )T' ±± + ^F rs n s 



t, a 



-W«(r),..,^(r))+ / A^Mb + npjfxx + ^fx, 



+ ^ d 3 aa T (T,a u )T(r,a u ) + 0(T 2 ), 
where the energy-momentum tensor has the form 



(4.27) 



V7(t, o")T±±(t, a % 



2ca/7f(t, ct u ) 



+ V/7F /I (r,a " ) /#(r, a") ^(r, a") F rM (r, a") F w (r, a u ), 
4c 



V7^)TL r (r,<T u ) = - F rs (r, a u ) tt±(t, a u ). 



(4.28) 



In Eq.(4.27) we have introduced the potentials (F rs = d r A± s — d s A± r ) 



WWW,-,*(r)) = 



47T cV s 



/iF™(r,(T tt ) (l+n F (r )( r u )) 
2v/ 7F (r, a«) 



2^ (r. 



+ n^(r,<T tt )F„(r : 



and the function 



g 



(4.29) 



a T (r,a M ) = ^ dV 



9 



+ 



4tt (a"- a'") 2 cV 

(1 +n F (r, (j' u )) /i Frs (r, «/ ) 



n s F (r,<j' u )F sr (T,a' u ) + 



(4.30) 
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Then, the Dirac Hamiltonian (4.4) has the following form in the new variables 



H DF = J2 ( 1 + Mr,vr(r))) 



x 



x v /mf C* + h™(T, V t(T)) (k tr (r) -^A ±r (r, V t(r))) (k ts (r) - ^ A ±s (r,vt(r))) 



~ E ^FMir)) Mr) - ^ A ±r (r, tf(r))) + 



+ -W«(r),..,^(r))+ / d 3 a ^(r, a") [(1 + n F ) f ±± + n r F f ±r 



+ y dV/x(r,0^^-^(^r(r,0-«r(r, 0)^,0)+^), (4.31) 

In Eq.(4.31) we can discard the term quadratic in the constraint T(r, <j u ) 0, because it is 
strongly zero according to constraint theory: it does never contribute to the dynamics on the 
constraint sub-manifold (the only relevant region of phase space for constrained systems). 

To get the non-covariant radiation gauge we add the gauge fixing 

Vem(r,a u ) «0, (4.32) 

implying A r xs A± r due to Eq.(4.26). The r-constancy, dr)em ^' 7 1 pa 0, of this gauge fixing, 
together with the Gauss law constraint T(r, a u ) ks 0, implies the secondary gauge fixing 



A T (r,a u ) -a T (r,a u ) « 0, 



(4.33) 



so that we get 



A T (r,a u ) « J d 3 a' 



d 



+ 



4tt VEJ^-^'") 2 ^ 
(l+n F (r, a'")) /i Frs (r, a' u ) 



vV(t, a' u ) 



n^(r,a'")F sr (r,a'") + 



(4.34) 



Therefore, in the radiation gauge the magnetic field of Eqs.(2.19) is transverse: £> r = 
e rM1) 9 U A± v . But the electric field E r = —F Tr = — d T A± r + d r A T is not transverse: it has 
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E± r = —d T A± r as a transverse component. Instead the transverse quantity is 7r r ± , which 
coincides with 5 rs E± s only in inertial frames, and whose expression in terms of the electric 
and magnetic fields, determined by Eqs.(4.22) and (3.2), is tt t ± (t, a u ) = ^h rs (E s - 

The final form of the Dirac Hamiltonian in the radiation gauge (after the elimination of 
the variables r] em , T, A T , n T by going to Dirac brackets) is 

H DF = (l+^(r,^(r))) x 

i 

xjrnlc* + h™(T, V ?(r)) (Mr) - 9i A±r (r, V f(r))) (k ts (r) - ^ A ±s (r, #(r))) - 

i 

+ i>V«(r),...,^(r)) + y dV v/ 7 (r, a") [(1 + n F ) f ±± + n r F T ±r ] (r, a u ) (4.35) 

where T^b is given in Eq.(4.28). In H DF the components of Qab(j~i o~ u ) are the inertial 
potentials giving rise to the relativistic inertial forces. 

The Hamilton-Dirac equations for the particles are (JFj r (r) is defined in Eq.(4.8)) 

(l + n F (r,itf(r))) W°(t^{t)) (k ls {r) - f A ±s (r : rjf (r))) 

^/m 2 c 2 + /i>"(r,^(r)) (^(r) - f A ±tt (r, 7tf(r))) (« iw (r) - f A ±w (r, #(r))) 
- n^(r,^(r)), 

^Mr) = f fffr) dA ^™™ - 1 ^W«(r), -,^(r)) + J>(r). (4.36) 

In the second half of Eqs.(4.36) the sum of the inertial 2-body Coulomb potentials is 
replaced by the non-inertial N-body potential W(t)i(t), ^(t)) of Eq.(4.29), which can 
be shown to have the following property due to Eq.(4.30) 



In the radiation gauge the electric field of Eq.(2.19) is i? r « — <9 r A_|_ r +<9 r A T . Consistently 
with Eq.(4.11) we have 
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dr V ' )(jr > , , 

dA ±r (T,r,?(r)) W(»??(r),...,#)) ' 
or or)l 

Q t EMT,WT))- m ^<*™ . (4.38) 



The first of Eqs.(4.36) can be inverted to get 



h Frs rriiC (r)f(T) + n s F ) 
^ir(r) = ( -, n V 7 )(r,^(r)) + 



1 + 



n F ) ~ h Fuv (jif(r) + ra>) (77? (t) + r#) 



+ ^A ±r (r,^(r)). (4.39) 

See the next Subsection for its expression in a nearly non-relativistic frame. 

In the general case to evaluate the integral in Eq.(4.39) we must regularize the function 

t rs (a u ) = — — r-j— \ 5 rs — 3 j — ° s — x- , which is singular at o u = 0. By considering 

(e^) 2 ) /2 \ (s^") 2 ) J 

it as a distribution, we must give a prescription to define the integral J d 3 at rs (a u ) f(u u ), 

where f(cr u ) is a test function. Following Ref. [27], we consider the sphere S R centered in 

the origin and defined by the relation a/X]« (cr u ) 2 < R and the space £l R external to it of 

the points such that a/X]« (o"") 2 > R- The integral is written in the form 

/ d s at rs (a u ) f(a u ) = I d 3 at rs (a u ) f{a u ) + I d 3 at rs (a u ) f(a u ). (4.40) 
The first term, containing the singularity, can be shown to have the expression 

lim / dVtf> u ) /K) = ^ /(0). (4.41) 

Regarding the second term in Eq.(4.40) we can define a distribution F s (<t m ) such that the 
following integral 

lim/ d 3 af s (a u )f(a u )= [d 3 at rs (a u )f(a u ) (4.42) 
has no singularity in the origin. As a consequence we get 
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4-7T 

f s (a u ) = —5 rs 5 3 (a u )+r s (a u ). 

o 



(4.43) 



Therefore we get 



WMW *W) 



E K* 

1 d 



h F rs{r,a u ) (l + n F (r, <J U )) 



2v/ 7F (r, a*) 



1 d 



Qj 



+ 



4vr v^#)Fj ^4tt So- ^ u (^-^(r)) 



+ 



/ii7> s ( 1 + riF 



-k\ +n r F F rs 



(4.44) 



After some integrations by parts we get 



W«(r),...,^(r)) 



Qi Qj 



h Frs (T,(T u ) (l + n F {T,a l 

2y/<y F (T,°") V 167r2 VEu K-CW) 2 

9 / /if™(t, (7 U ) (l + n F (r, cr u ) 



f s {a u_ r] u {T)) 



Qi Qj 



2 v/ 7F (r, tr«) 

1 ^ r -^(r) 



- / 



4tt ^ 



9 



r y/Eu^-vttr)) 2 ) d(jS 



h Frs [1 + n F 



< +n r P R 



F rs 



(4.45) 



and then we can get the following form 
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W(itf(r),...,ift(r)) = 



5^ 12tt 

i=£j r 



'h Frr (r,^(r)) (l + n F (r,i#(r)))\ g.g^ 



2^/7F(r,^(r)) 



+ 



/if™(t,<7«) (l+n F (r,a«)) 



2 v/ 7f (t, a«) 



f 6 K-^(r)) 



1 

+ -r- 

4n 



q ( h Frs (r, a u ) (l + n F (r, a 1 



(£> u -^(r)) 2 ) 3 /2 ^ 



2 y/ lF ( T , a u ) 



d 



)) 



2 / <9cr s 



/ip rs ( 1 + n F 



(4.46) 



which cab be checked to be explicitly symmetric in the exchange of ffi with ffj. 



Finally the Hamilton equations for the transverse electro-magnetic fields A± r and 7r^_ in 
the radiation gauge implied by the Dirac Hamiltonian (4.35) are 



d T A ±r (r,a) = {A ±r (r, a), H DF ) = 

= SrnPT(3) [ (1 + » )3 ^" 3e '°»" (< - «- £ Q(I)i ^p) 



+ 



+ n (a) 3 e(" a ) i^u 



9 T 7r^(r, a) = {tt^(t, a),H DF } = 

i 

(1 +n) 3 e s {a) k is (r) 



sjmj + *e\ a) (k ir {r) - ^ A ±r ) ^ (^(r) - % A ±s ) 
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+ 



(1 + n) 3 e % } \ b) ( 3 e[ a) 3 e^ - 3 e^ a) 3 e[ b) ) d r F sv + 



+ °r [ e e (a) e (&) ( e (a) e (b) - e (a) e (b) JJ J 
+ 9 r n 3 e 3 e^ a) 3 e^ ( 3 e[ a) 3 e^ } - 3 e^ a) 3 e[ fc) ) F sv + 
+ n {a) ( 3 e[ a) d r + d r 3 e[ a) tt? - 9 r 3 e^ a) ^ + 



+ 



+ {d r "e\ a) 5 mt ~d r "e^ a) 5 rt )Y,mQ 



dc(a,ffi(T))) 



da* 

+ l e (a) () e (a) <> ) 2^ 9(J t 9(7 r J + 

j 

+ C r n (o) ( e (o) d - e (o) d j^ViQi ^ J(^)J- 



+ 



(4.47) 



Here c(a u ,a' u ) 



and, following the general relativity notation of 



Ref. [12], the metric has been expressed in terms of triads 3 ej^ and cotriads 3 e( a ) r on S T 
as in Eq.(2.10): h Frs = ^ a 3 e {a)r 3 e (a)s , = £) a 3 e[ a) 3 e^ a) , 7 F = 3 e. The shift functions of 
Eq.(2.4) are replaced by n^ a ) = n r3 e( a ) r . 



C. On the Non-Relativistic Limit 

Let us consider the nearly non-relativistic limit of the embedding (2.10) given in 
Eqs.(2.16). It can be done either before or after the choice of the radiation gauge. 

Since we have h rs = 5 rs + 0(c~ 2 ), we can use the vector notation of the inertial frames 
for the 3- vectors: V — {V r — V r } (since g TT = e (l - J2 r ( n F?) + °( c ~ 2 ) = e + 0(cT 2 ), 

we still have V r = g rA VA 7^ V r for 4- vectors Va). Therefore we have Ki = d = {ki r }, 
E = {E r = E r } + 0(c~ 2 ), B = {B r = B r } + 0(c~ 2 ), but A ± = {A ±r =A\^ A r ± } + 0((T 2 ). 

In these rigidly-rotating non-inertial frames the equations of motion (4.9) takes the form 
(the Newtonian functions are fit) = f(r = ct); Q(ct) has the components Q(ct) defined 
after Eq. (2.15)) 



d 

mi ~r 
dt 



drfjjct) 
dt 



+ v(ct) + VL(ct) xfH{ct)j = Q 



c dt 



(ct,ffi(ct)) + 



Ti[ct) = —rriiVL(ct) x 



drfjjct) 
dt 



+ v(ct) + tt(ct) X fji(ct) 



(4.48) 
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As a consequence the final form of the equations of motion of the particles is 



TO,; 



d 2 ffi(ct) _o 



+Qi 



at 



d 



(ct,ff t (ct))+^ m \ct), 



fif n \ct) = ?i(ct) +m i ^-[ v(ct) + Q(ct) x rji(ct) 



dt 



= —TO 

dv(ct) 



+ 



dt 



tt(ct) x (n(ct) x ffi(ct)^ + 2 fl(ct) x 
+ Q(ct) x tf(ct) 



(4.49) 



F- in \r) is the sum of all the inertial forces (centrifugal, Coriolis, Jacobi, the two pieces of 
the linear acceleration) present in Newtonian rigid non-inertial frames. 

The equations of motion (4.36), (4.29) of the particles in the radiation gauge become 



rn 



d 2 ffi(ct) o_ d 



1 dA ± 1 dfftict) B 

o 1 -7 — ~ x B 

c dt c dt 



dt 2 dfj, 

where the non-inertial Coulomb potential takes the form (r = ct) 1A 



{ct,ffi(ct)) + 
(4.50) 



v(t) ■ A ± (r,ffi(r)) + Q(r) x ffi(r) • l ± (r,^(r)) 

(4.51) 



finally the Hamiltonian (4.35) becomes 



14 In this case from Eq.(4.30) we get 



a T (r, 3) 



E 



Qk 



Air \ 3 - rf k 



- • Aj_(t,<7) x a ■ A ± {t,<7) 

c c 
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i 



4ttc I ffi(T) -ffj(r) \ 



+ 



+ - I d 3 a[7rl(r,a)-A ± (r,a) 



AA 



+ 



vir) 
c 

Q(r) 



+ 



(4.52) 



where Jij) is the total angular momentum of the electro-magnetic field. 

It can be checked that this Hamiltonian generates the previous limit of the equations of 
motion of the particles. In particular the first set of Hamilton equations is 



1 dfji(T) 
c dt 



v(t) n(r) 



^/mfc 2 +(^(r)-^l ± (r,77;(r))) : 



(4.53) 
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V. THE INSTANT FORM OF DYNAMICS IN NON-INERTIAL FRAMES AND 
IN THE INERTIAL AND NON-INERTIAL REST FRAMES. 



In this Section we study the problem of the separation of the relativistic non-covariant 
canonical 4-center of mass of an isolated system from the relative variables describing its 
dynamics. We first recall how this problem is solved in the inertial rest-frame instant form 
of dynamics [1, 3, 4, 5, 8]. As said in the Introduction the isolated system is described 
as a decoupled pseudo-particle (described by the non-covariant canonical variables z and 
h) carrying a pole-dipole structure given by its invariant mass and its rest spin. On each 
instantaneous Wigner 3-space, centered on the inertial observer corresponding to the Fokker- 
Pryce 4-center of inertia, these quantities are functions of the relative variables of the isolated 
system after the elimination of the internal 3-center of mass. The double counting of the 
center of mass is avoided by the presence of three pairs of second class constraints: the 
rest-frame conditions, i.e. the vanishing of the internal 3-momentum, and the vanishing of 
the internal boosts. 

In Subsection A we will show how to get these conditions in the inertial rest frames 
starting from the embeddings (1.1), from the determination (3.8) of their conjugate momenta 
and from the Poincare' generators (3.17). 

In Subsection B we will extend this construction to determine the three pairs of second 
class constraints in an arbitrary admissible non-inertial frame described by the embeddings 
(2.1) and centered on an arbitrary time-like observer. Again the isolated system can be 
visualized as a pole-dipole carried by the external decoupled center of mass. 

In Subsection C we will define the special family of the non-inertial rest- frames, centered 
on the inertial Fokker-Pryce 4-center of inertia, and the associated non-inertial rest-frame in- 
stant form. They are relevant because are the only global non-inertial frames allowed by the 
equivalence principle (forbidding the existence of global inertial frames) in canonical metric 
and tetrad gravity in globally hyperbolic, asymptotically flat (asymptotically Minkowskian) 
space-times without super-translations, so to have the asymptotic ADM Poincare' group 
[11]. Also in this case we identify the three pairs of second class constraints eliminating the 
internal 3-center of mass, visualizing the isolated system as a pole-dipole and allowing to 
describe the dynamics on the instantaneous (non-Euclidean) 3-spaces only in terms of rela- 
tive variables. Then in Subsection D we show how the Hamiltonian description of Section 
IV has to be modified if we take this point of view in the description of the isolated system. 
We also delineate the analogue of this procedure for the general case of Subsection B. 
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A. The Inertial Rest-Frame Instant Form 



As said in the Introduction every configuration of an isolated system, with associated 
finite Poincare' generators P M , J Miy , identifies a unique inertial frame in an intrinsic way: 
the inertial rest frame whose Euclidean instantaneous 3-spaces (the Wigner 3-spaces) are 
orthogonal to the conserved 4-momentum P M of the configuration. The embedding corre- 
sponding to the inertial rest frame, centered on the Fokker-Pryce center of inertia, is given 
in Eq.(l.l) 

The generators of the external realization of the Poincare' algebra are (following footnote 
10 we use only e ijfc ; M and S have vanishing Poisson brackets with z and h and we have 
{S\Si} = 5 m V n e mnk S k ) 

P° = McW, = {sJl + P-h^, 

J 1 = 5™ e mnk (z n h k + S k ) , K l = - VTT^ z l + g^£^ , 

(5.1) 



while those of the unfaithful internal realization of the Poincare' algebra determined by the 
energy-momentum tensor (in inertial frames Eqs.(3.8) imply Tj_j_ = T TT and Tj_ r = 5 rs T TS ) 
are 

Mc = J rfVrfr.a"), S r = U rs e suv J d 3 a a u T rv (r,a u ), 
V r = J d 3 aT Tr (T,a u ) w0, KJ = - J d 3 a a r T TT (r, a u ) w 0. (5.2) 

The constraints V ~ are the rest-frame conditions identifying the inertial rest frame. 
Having chosen the Fokker-Pryce center of inertia as origin of the 3-coordinates, the 
{interaction- dependent) constraints K, ~ are their gauge fixing: they eliminate the in- 
ternal 3-center of mass so not to have a double counting (external, internal). Therefore the 
isolated system is described by the external non-covariant 3-center of mass z, h, and by an 
internal space of Wigner- covariant relative variables (M and S depend only upon them). 

Eqs. (5.1) and (5.2) are obtained in the following way. If we put the embedding (1.1), 
namely z»(t,<j u ) = Y^(0)+h^ T+e?(h) a T = Y»(0)+e» A (h) a a , inEq.(3.8), we get p»(r, a u ) w 



48 



h»T TT (r,a u ) + e^(h)T Tr (r,a u ) = e^(h) T Ar (r, a u ) . Then the first of Eqs.(3.17) implies 
p» = Mch» if Mc = J d 3 aT TT (r, a u ) and V r = J d 3 aT rr (r, a u ) « 0. 

The second of Eqs.(3.17) gives = (y \o) e\(h) - Y v (0)efX(h)j J d 3 aT AT (r,a u ) + 

e^(h) e B (h) S AB with S AB = J d 3 a[a A T Br - a B T At ^(t,<j u ). By using V r « we get 

« Mc (y(0) /i" - y(0)/i' i ) + e!X(h) e B (h) S AB with S Tr « / d 3 a a r T TT (r,a u ) and 

S"" s = / c? 3 (T ^(j r T sr — cr 5 T rr j (-T, cr"). Then, by using the expression of the Fokker-Pryce 
4-center of inertia given in Eq.(2.20) of Ref.[8], i.e. y(r) = F M (0) + with y(0) = 
(\/l + h 2 4r + xr h H % ) , as a function of r, £ Mc and of 5, and the 

V Mc Mc Mc Mc(l+Vl+ft 2 )/ 

— * 

expression of e^(h) given after Eq.(l.l), we get: 

a) JH = z i h? - z'J h* + 5 ir 5 js e rsk J d 3 a a r T ST (r, a u ), which coincides with Eq.(5.1) if S 
has the expression given in Eq.(5.2); 

b) J oi = -Vl + h 2 z l + 5 in e njk S j h k + e°(h) 4(h) S Tr , which coincides with Eq.(5.1) if 
/C r = -S Tr « as in Eqs.(5.2). 

Therefore we have S AB « {5 A 5 B - 5 A 5 B ) K7 + 5 Ar 5 Bs e rsk S k w 5 Ar 5 Bs e rsfc 

As shown in Ref.[8], the restriction of the embedding z^(r,a u ) to the Wigner 3-spaces 
(1.1) implies the replacement of the Dirac Hamiltonian (3.13) with the new one 

H DW = Mc + J d 3 a^n T -A T ryr,a u ). (5.3) 

Therefore, consistently with Eqs.(5.2), the effective Hamiltonian is the invariant mass 
of the isolated system, whose conserved rest spin is S. As already said, the three pairs of 
second class constraints V ~ 0, /C ~ 0, eliminate the internal 3-center of mass. 

As shown in Refs.[8, 9], in the rest-frame instant form it is possible to restrict the descrip- 
tion of N charged positive-energy particles plus the electro-magnetic field to the radiation 
gauge (see next Section for the non-inertial case), where all the electro- magnetic quantities 
are transverse. The mutual Coulomb interaction among the particles appears in this gauge, 
the Hamiltonian (5.3) reduces to Mc and we get the following form of the internal Poincare' 
generators (5.2) 15 



15 In this equation we use the notation K,(r) for the Coulomb-dressed momenta k,(t) = /?i(r) — ^Zaial^plll] 
belonging to the Shanmugadhasan canonical basis defined in Eqs.(4.26). 
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£(int) = V\ int) c = Mc 2 = c J d 3 aT TT (r, a) 



N 



Qi - ^ 



QiQ, l 



E (v / ^+^) 
i=i 



Qi 



4vr I ?^(r) -%(r) | 



Qi • A ± (T,fji(T)) 

c ^mj c 2 + k 2 {t) 
\ [d 3 a[n 2 ± + B 2 ](r,a), 



+ 



N 

V {m t) = f d 3 aT rT (r, B) = ^ K t (r) + - I d 3 a [vf ± x B](r, a) « 0, 

i=i c ^ 



S r = -5 rs e suv j d 3 aa u T VT (r,a) = 

N 

e (V*( r ) x ^( r )) r + - y rf M<? x ([tt ± xs])v^), 



/c 



(int) 



N 



= -J d 3 aa' 



1=1 

l.JV 



i=l jf^i 



Qi gj(r) ■ Aj_(r,r/j(r)) 
° \fm 2 c 2 + k](t) 
d 1 



) 



+ 



ffj(r)\ da r 47r |a - ffi(r) 



+ 



+ 



4tt \fji{r) - f}j(T)\ 



_ IVg, /rfV 1 fd 3 aa r (7rl + B 2 )(r,a)^0. (5.4) 



Note that, as required by the Poincare' algebra in an instant form of dynamics, there are 
interaction terms both in the internal energy and in the internal Lorentz boosts, but not in 
the 3-momentum and in the angular momentum. 
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As shown in Ref. [8], we can reconstruct the original gauge potential A^x) in the radiation 
gauge. It has the following form 



6?(h)A r ± (r,a u ). 



(5.5) 



Mc 



)l 



B. Amissible Non-Inertial Frames 

Let us now see whether in an arbitrary admissible non-inertial frame, centered on an 
arbitrary non-inertial observer and described by the embeddings (2.1), we can arrive at the 
same picture of an isolated system as a decoupled external canonical non-covariant center 
of mass z, h, carrying a pole-dipole structure, with the external Poincare' generators given 
by expressions like Eqs.(5.1) and with the dynamics described by suitable relative variables 
after an appropriate elimination of the internal 3-center of mass inside the instantaneous 
3-spaces. If this is possible, there will be a new expression for the internal invariant mass M, 

— * 

a new effective spin S (supposed to satisfy the Poisson brackets of an angular momentum 
and such that J 1 = 5 tm e mn k (z n h k + S k ^j ) and a new form of the three pairs of second class 
constraints replacing the expressions given in Eqs.(5.2) for the case of the inertial rest frame 
centered on the Fokker-Pryce center of inertia. 

Now the embeddings (2.1) imply the form (3.8) for the conjugate momenta p M (r, a u ). 
Therefore we must evaluate the Poincare' generators (3.17) by using Eqs.(2.1) and (3.8). 
By equating the resulting expressions with Eqs.(5.1) we will find the new expression of the 
invariant mass, of the effective spin and of the second class constraints. 

Since the embedding (2.1) depend on the asymptotic tetrads e^, we must express them 

— * 

in terms of the tetrads e\{h) determined by P^ 1 (whose expression is given after Eq.(l.l)): 
= A A B (h) e^(h) with A(h) a Lorentz matrix. 



with l A (r,a u ) given in Eq.(2.7). 

Therefore the invariant mass M and the three constraints V r w replacing the rest-frame 
conditions are 



Then, by using Eqs.(2.1), (3.8) and (5.1) the first of Eqs.(3.17) becomes 



Mch" = Mce»(h) ^t\V A = V 
V A \A A T (h) h^ + A A r (h)ef(h)}, 



• A A A B {h)e» B {h) 




(5.6) 
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Mc^V A A A T (h), V r = V A A/(h) «0, V A ^McK A (h). 



If we define 



S 



= J d 3 ay^(^)[(f A (T) + F A (T,a u )) (r ±± l B -T ±s h sr d r F B Yr,a 

- (f B {r) + F B (r, a u )) (T ±± l A - T ±s h sr d r F A ) (r, a u )] = 
= f A (r) V B - f B (r) V A + S CD A c A (h) A D B (h), 

S AB = j d 3 a V7(V^) [f C (t, a u ) (t ±± l D - T ±s h sr d r F D ) (r, a u ) - 

- F d (t, a u ) (t ±± l c - T ±s h sr d r F c ) (r, a u )] A c \h) A D B {h) = 



d M (S A 5 B - 5 A 5 B ) fc r + 5 Ar 5 Bs e rsk S h , 



then, by using Eq.(5.7), the second of Eqs.(3.17) becomes 



= V B A B A (h) (x» e A (h) - < e^h)) + S ra A c A (h) A D B (h) e^(h) e B {h) 



= V A A A D {h) [(< + / B (r) A B c (h) £(hj) e» D (h) - 
- (< + f B (r) A B c {h) eUh)) + 4$ e B (h) S 

'xZ + f B (T)A B c (h)e»(h)) h v - 



Mc 



After some algebra Eqs.(5.1) and (5.9) imply 
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J*i = z l h j - z 3 W + 5 iu S jv e uvk S 



Mc 



V Mc L 1 + y/ 1 + h 2 \) 



h 3 



U + f B (r) A B c (h) j c {h) + ±- ej(K) /C + ^-^T ^ : 
V Aic L 1 + V1 



+ /i 2 



+ 



+ S^ m S in e mnk S h 



def 



X i h 3 - X 3 ti + 5 iu 5 jv e uvk S\ 



(5.10) 



J° 



Kim , l,n ok 

1 + V 7 ! + /I 2 



1 + h 2 z i - 



Mc 



x° + f B {r)A B c {h)e° c {h) + 



Mc 



h l - 



- \l + h 2 



< + f B (r) A B c (h) eUh) + -ir ( <(h) A7 + 



Mc 



Kim , l,n ok 
t mnk li ° 



1 + 



Vl + h 2 



Kim , t.n ok 
t mnk 11 ' J 

1 + Vl + h 2 



def 



X° K - V 1 + h 2 X 1 - 



Kim , un ok 
tmnk '<< J 



I + Vl + h 2 ' 

where in the last lines we introduced the definition of the quantities X° and X % . 



(5.11) 



This implies the reformulation of the isolated system as an external center of mass z, h, 

— * 

plus a pole-dipole structure M and S. 



— * 

If we solve Eq.(5.11) in z, we get z = X — X° 



(S-S)xh 



(we use a vector 



\/l+h 2 \fl+h' 2 (l+y/l+h 2 ) 

notation). If we put this expression in Eq.(5.10), we get the following equation: [(S — S) x 
h]xh = Vl + h 2 (1 + Vl + h 2 ) (I - I). It implies (I - S) ■ h = and then we get 

S r w S r , (5.12) 

— * 

namely the effective spin S is given by S rs of Eqs.(5.8). 

By using Eq.(5.12) inside Eq.(5.11) we get three constraints, eliminating the internal 
3-center of mass and allowing to re-express the dynamics inside the instantaneous 3-spaces 
only in terms of relative variables, which are 
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Mc 



x° + f B (r)A B ^(h)e° c (h) + 



c. 



E r h r IC r 
Mc 



K - V 1 + h 2 



1 + Vl + h 2 



KJ 



+ f"( T )A^{h)e* c {h) + —[e\{h)KJ + 

» Mch r (x° + f B (T)A B c (h)e° c (h)- 
- {x:-z r + f B (r)A B c (h)e r c (h) + 



x\ -z l + 



0, 



E„ h u (x u -z u + f B (r)A B c (h)eUh) 



1 + Vl + h 2 



£mnk 



h n s k 



Mc(l + Vl + h 2 ) 



(5.13) 



They replace the constraints K r ~ of Subsection A. 
Now we have S AB « <5 Ar <5 Bs e rsfc S k + (5 r A <Jf - 5? 5 B ) KJ '. 

Let us remark that that if we put A A B (h) = S B and rc£ + / B (r) A B c (h) e£(h) = F M (0) + 
/i M r, then we recover the results of Subsection A for the inertial rest frame centered on the 
Fokker-Pryce inertial observer. 

Instead the conditions Aa b (K) = 5 B and f B {r) A B c {h) e^(h) = hJr, identifying the 
inertial rest frame centered on the inertial observer + r, have the constraints KJ ~ 
replaced by Eqs.(5.13). 

Equations of the type (5.7), (5.12) and (5.13) holds not only for admissible embeddings 
with pure differential rotations like the ones of Eq.(2.14), but also for the admissible em- 
beddings with pure linear acceleration. If in Eq.(2.1) we put F T (r,a u ) = 0, F r (r,a u ) = a r , 
so that the embedding becomes z m (t, <j u ) = x^ + f T (r) + (/ r (r) + <x r j, the instan- 
taneous 3-spaces are space-like hyper-planes orthogonal to Z M = and we get h rs = 5 rs , 
l +n (r) = f T ( T ),n r (r) = 5 rs f s (T). In the case of Eq. (2. 13), i.e. f r (r) = and f T (r) = f(r), 
we get 1 + n(r) = /(r), n r = 0. If f T (j) = r and f r (r) = a r = const., we have inertial 
frames centered on inertial observers: changing a r we change the inertial observer origin of 
the 3-coordinates a' 1 ". 

Let us remark that the final Dirac Hamiltonian (4.35) does not coincide with Mc due to 
the presence of the inertial potentials Qab(Ji < jU )- 
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C. The Non-Inertial Rest Frames 



The family of non-inertial rest frames for an isolated system consists of all the admissible 
3+1 splittings of Minkowski space-time whose instantaneous 3-spaces S T tend to space-like 
hyper-planes orthogonal to the conserved 4-momentum of the isolated system at spatial 
infinity. Therefore they tend to the Wigner 3-spaces (1.1) of the inertial rest frame asymp- 
totically. 

These non-inertial frames can be centered on the external Fokker-Pryce center of inertia 
like the inertial ones and are described by the following embeddings 

z"(r, a u ) » z F (r, a u ) = Y»(t) + u»(h) g(r, a u ) + e?(h) [a r + g r (r, a u )}, 



VI -oo^(r, <J U ) = y"(r) + %(h) a\ x»(t) = z F (r, 0"), 



g(r, U ) = g r (r, U ) = 0, g(r, a u ) -|* Hoo 0, g r (r, a u ) -|* Hoo 0. (5.14) 

These embeddings are a special case of Eqs.(4.1) with x^{t) = Y^(t) and F^(r,a u ) = 
e»{h) g(r, a u ) + e?(h) [a r + g r (r, a u )} , e»(h) = h" = Y»{t). 

For the induced metric we have 



z?(r,a u ) » z FT (r,a u )^h^[l + d T g(T,a u )}+e^h)d T g r (r,a u ), 



z?(t, a u ) « z Fr (r, a u ) = h? d r g(r, a u ) + e»$) [5 s r + d r g s (r, a u )}, 
eg FrT (r,a u ) = [1 + d T g(r, a u )f - £ [d T g r (r, a u )f = 

r 

= (1 + n F ) 2 - h%n Fr n Fa ] (r,a M ), 
eg FT u(r,a u ) = [1 + d T g(r , a u )\ d u g(r , a u ) — ^ d T g r (r , a u ) [8 r u + d u g r (r , a u )\ - 

r 

= ([l + d T g]d u g-d T g u -Y,dT g r d u g r ) (r, a u ) = -n Fu (r, a u ), 
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eg Fuv {r,cr u ) = -h Fuv (r,a u ) = 

= d u g(r, O d v g(r, a u ) - £ [5 r u + d u /(r, a")] ft + ft, 9 r (r, a u )} = 

r 

= -$uv +(d u gd v g- (d u g v + d v g u ) -^d u g r d v g r ^j (r, a"), 

r 

(5.15) 

The admissibility conditions of Eqs.(2.9), plus the requirement 1 + np(r, <j u ) > 0, can be 
written as restrictions on the functions g(r, a u ) and g r (r, a u ). 

The unit normal l F (r,a u ) and the tangent 4-vectors z Fr (r,a u ) to the instantaneous 3- 

— * — * 

spaces S T can be projected on the asymptotic tetrad = e%(h), etf(h) 

l F (r,a u ) 



l+n F (r, a u ) 



l F (r,a u ) = e, =► 1f {t,<j u ) 

(5.16) 

To define the non-inertial rest-frame instant form we must find the form of the internal 
Poincare' generators replacing the ones of the inertial rest-frame one, given in Eqs.(5.2). 

Eq.(3.8) and the first of Eqs.(3.17) imply 



d r gh» + d r g 8 e» 8 {h)\{T,a") 



^ 'a/37 Z F1 Z F2 Z F3^ ( T > ® ) — 

det {5 s r + d r g s )W- 



1 



S ra e asu e vwt d v g d w g s d t g u e?{h) 



1 



_ x l + d T gdet(5 s r + d r g s )- 

v / 7(r,a") L 

d T g r e rsu e vwt d v g d w g s d t (r, a u ), 



det (6' + d r g s 

d v 9 d w g s d t g u e hmn d h g d m g s d n g l 
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F±± 



fdet (5 s r + d r g 

- d r gh r ;T F±s yr, ( T u ) + 

+ <{h) [ d s a (_ SUa ^re vwt d v gd wg *d t f Tj 

J V ^/lF 

- {5 u r +d r g u )h^T F ^{T,a u ) = 

= f J dVT/foa"), (5.17) 

so that the internal mass and the rest-frame conditions become (Eqs.(5.2) are recovered for 
the inertial rest frame) 

Mc = J d*a ( ** {5 *J_ dr gS) T F±± - d r g h r F s T F±S ) (r, a"), 
fu= f d s a (_ 6™ e asr e vwt d v j_ d w g> d t f ^ _ 



If 

- (S: + d r g u )h r F s T F±s yr,a u )^0. 

(5.18) 

By using Eqs.(3.17) for the angular momentum we get J^ u ~ f d 3 cr ^z F p F — z F p F ^j (r, a u ) 

with p F (r,cr u ) = y/jF (t±j_I f — T± s h s F z F ^j (r,cr u ), where z F , z Fr and l F are given in 
Eqs.(5.14), (5.15) and (5.16) respectively. The description of the isolated system as a pole- 
dipole carried by the external center of mass z requires that we must identify the previous 

... — * 

.P 3 and J m with the expressions like the ones given in Eqs.(5.1), now functions of z, h, Mc 
of Eq.(5.18) and of an effective spin S. This identification will allow to find the effective 

— * 

spin S and three constraints K7 ~ eliminating the internal 3-center of mass: in the limit 
of the inertial rest frame they must reproduce the quantities in Eqs.(5.2). 

By using Eqs.(5.18) this procedure implies (X7 and S r are the analogue of the quantities 
defined in Eqs.(5.8) for the embedding (5.14)) 
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» j d 3 a (z F p^ - 4 pg.) (r, a u ) = 

= Mc (y^o) h v - y(o) h^j + v u (y»(o) - y(o) e£(K)) + 

+ (rP" + r) (^e^(^) -^eC(K)) + <T n e nOT S r e£(£) e^) » 
« Mc (Y"(0) /i" - y(0) + /C M (V e£(/i) - h" e£(/i)) + 



so that we get 



J*i = z l h? - z j ti + 5 iu S jv e uvk S k « 

« Mc (Y*(0) h j - F J (0) tf) + t u (h* el(h) - h? e\i$)^ 
+ 5 un e nvr S r e a {h)ei{h), 



+ 



l + \/l + h 2 

« Mc (Y°(0) /i l - F J (0) + t u (h° e l u (h) - ti e° u (hf) 
+ 5 un 6 vm e nmr S r e° u (h)el(h). 



+ 



(5.19) 



As a consequence, by using the expression of (0) given after Eq.(5.2), the constraints 
eliminating the 3-center of mass and the effective spin are 



J d 3 a (< 



A" = / a- a \g 

(<?" g' 



S ur d r g T F±± - {5 u r + d r g u ) h r F s T F±S 
det (5 s r + d r g s ) 



or x rn r- 



a/7 

J d 3 a (V + g u ) 



- (<r» + g v ) [5 um d m g T F±± - {8 u r + d r g u ) h r F s T F±S ~\ ) (r, a u ). 

and these formulas allow to recover Eqs.(5.2) of the inertial rest frame. 

Therefore the non-inertial rest-frame instant form of dynamics is well defined. 



(5.20) 
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D. The Hamiltonian of the Non-Inertial Rest-Frame Instant Form 



We have now to find which is the effective Hamiltonian of the non-inertial rest-frame 
instant form replacing Mc of the inertial rest-frame one. The gauge fixing (5.20) is a special 
case of Eqs.(4.1), whose final Dirac Hamiltonian is given in Eq.(4.4) [or in Eq.(4.35) in the 
radiation gauge]. 

To be able to impose this gauge fixing, let us put F^(r,a u ) = g(r,a u ) + e%(h) [a r + 
g r (r, a u )\ in Eq.(4.1), but let us leave x M (r) as an arbitrary time-like observer to be restricted 
to F m (t) at the end. We will only assume that rr M (r) is canonically conjugate with P M = 
/ d 3 ap^(r,a u ), {x»(t),P u } = -erT ■ 



Due to the dependence of F^(r,a u ) and of F M (r) on h = P/^/eP 2 we must develop a 
different procedure for the identification of the Dirac Hamiltonian. 

In this case the constraints (3.10) can be rewritten in the following form (T^(r, cr M ) is 
defined in Eq.(5.17)) 



W{t,o u ) = H^T,a u ) + 5 3 (a u ) J dViWfra?) « 0, 
J d 3 aW(T,a u ) = 0, 



with 



4 



p^(r,a M ) « P»5 3 (a u ) + T£(r, a u ) - 5 3 {a u ) TZ" F (r) 
= d 3 (a u )H^r)+TP(r,a u ), 



H»(t) =P»- K%{t) « 0, n F (r)= f J d 3 aT£(T,a u ). 



(5.21) 



In this way the original canonical variables z^{r, a), p M (r, a) are replaced by the observer 
x^(t), P^ and by relative variables with respect to it. 

From Eq.(5.14) we get: 

a) the gauge fixing to the constraints 7Y M (r, a u ) is 



r da r v ' da r l 



)(r,a M )^0; (5.22) 
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b) the gauge fixing to the constraints iP(r) = P^ — TZp « is x M (r, 0) = z^(t, 0) — 
(r) = ^(r) - y(r) « 0. 

The gauge fixing (5.22) has the following Poisson brackets with the collective variables 

ar"(r), P" 



{P",^(r,(7«)} = 0, 
K(r),<(r,a«)} = 



Q<W ^ s , gg^^O ^ d<vW gg(i^0 _z (5 23) 



<9P„, 



(9 



a 1 



dP^ da r 



Therefore x M (r) is no more a canonical variable after the gauge fixing ^ (r, o" u ) ps 0. 
By introducing the notation (e^ = r] AB e Bfl =>• e T ^(h) = eh^) 



rp(r, a u ) d M W T/(r, a u ) + cJf(K) 7J(t, <J u ) 



T F A (T,a u ) = et(h)T£(T,a u ), (5.24) 



the angular momentum generator of Eq.(3.17) takes the form 



jw = x»(t) P v - x v {t) P» + S^, 



« <£(/i) e*(/i) / d 3 a (a r + / ) T s - (a s + /) T r (r, a") + 



+ [e»{h)e v T {h)-e v r {h)e»{h)) d 6 a (a r + g r )r + gT r (r,a u ) 



f A (h) e B (h) S AB , 



S rs = J d 3 a [(a r + g r ) T s - (a s + g s ) T r ] (r, a u ) = f S rn e nsu J u , 

S rr = _ s rr = _ J £ a J^r + g rj + g ^ ^ 



def 



where only the constraints 7i^(r, a u ) ~ have been used. 
Since we have 

K(r),^} = 0, 



(5.25) 



1 d(J* ^ I 



da r ' da r 



(5.26) 
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after the gauge fixing the new canonical variable for the observer becomes 

1 - de A (h) 

5"(r) = ^(r) --e aA (h)-J±ls°», {^(r), <(r, a)} = 0. (5.27) 



If we eliminate the relative variables by going to Dirac brackets with respect to the second 
class constrainta H^(r,a u ) 0, ^(r,a u ) ps 0, the canonical variables z M (r, a u ), p M (r, a u ) 
are reduced to the canonical variables rc M (r), P M . 

By defining 1Zf{t) = ehy1Z F {r) ps Mc = V ' e P 2 , the remaining constraints are 

H"(t) = h»(y7p^-K f (T)^+e?(h)V r , 

or eh" H^r) = VTP 2 -K f (t) « 0, e^H^r) = V r « 0. 

(5.28) 



Like in Eqs.(4.1) and (4.2), after this reduction the Dirac multiplier A M (r, <r u ) in the Dirac 
Hamiltonian (3.16) becomes 

= -« ^%^> (5.29) 
ar 

At this stage the Dirac Hamiltonian depends only on the residual Dirac multipliers A r (r) 
and A(t) 

H d ^X t (t)(V7p^-TZ f )-X(t)-V + J d*a(^-T Fr + ^T FT yT,a u ), (5.30) 

where we introduced the notation T F a(t, a u ) d = e c m a(^) ?f(t, cr u ) so that Tp = 
Tfti T f = — 



Fr- 



To implement the gauge fixing x"(t) — Y"(t) ps* requires two other steps: 

1) Firstly we impose the gauge fixing x M (r) h^ = et. It implies A r (r) = —1 and \J e P 2 = 
Mc = 1Z F . The Dirac Hamiltonian becomes 



61 



H FD = Mc-X(t)-V+ / d 3 a /zvr T - A T T 



Mc = Mc + 



dg 



T Fr + ^-T Fr yr,a u ). 



(5.31) 



2) Then we add the gauge fixing tC r xs to the rest-frame conditions V r w 0. In this 
way we get x M (r) V m (t) and we also eliminate the internal 3-center of mass. Having 
chosen the Fokker-Pryce external 4-center of inertia F M (r) as origin of the 3-coordinates the 
constraints KJ correspond to the requirement S Tr ps 0. 

In conclusion the effective Hamiltonian .M c (modulo electro-magnetic gauge transfor- 
mations) of the non-inertial rest-frame instant form is not the internal mass Mc, since it 
describes the evolution from the point of view of the asymptotic inertial observers. There is 
an additional term interpretable as an inertial potential producing relativistic inertial effects 
(see Eqs.(5.16) for 1 + n F {r, a u ) and Eqs.(5.15) for n Fr (T,a u )) 



MC = MC + J So (|^7>r + ^7> t )(t,<7 U ) = 



= / d 3 ae 



^ 1 + l) + £ -f] r ^"> 



J d s a V 7 (r, <r«) ((1 + n F ) T F±± + n r F T F±r ^j (r, a u ) (5.32) 



where 



y/l(r,<J u )T F±± (r,a u ) = ^(t,<t")T' f±± (t,ct u ) + 

+ 6 (° U - tf) \/rfc 2 + h r F s (r, a") ( Kir (r) - Q t A r {r, <r«)) (/^(r) - Q t A s (r, a-)), 

i 

VW^)T F±r (r, a u ) = F rs (r, a u ) n s (r, a u ) - £ 5(a u - V f) (^ r (r) - Q % A r (r, <r u $.33) 

i 

with given in Eq. (4.28). 

Let us remark that a similar procedure should be applied also to the gauge fixing (4.1) 
if we want to reproduce the results of Subsection B for arbitrary non-inertial frames. We 
do not add these calculations, because they agrees substantially with the results of this 
Subsection and do not alter the conclusions of Section IV. 
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VI. NON-INERTIAL MAXWELL EQUATIONS IN NEARLY RIGID ROTATING 
FRAMES 



In the 3+1 point of view the Maxwell equations (4.17) in an arbitrary inertial frame are 
identical to the Maxwell equations in general relativity, but now the 4-metric is describing 
only the inertial effects present in the given frame. Therefore we can adapt the techniques 
used in general relativity to non-inertial frames, for instance the definition of electric and 
magnetic fields done in Ref.[28] (see Appendix B) or the geometrical optic approximation 
to light rays of Ref.[29]. 

For the 1+3 point of view on this topic see for instance Ref. [30] and its bibliography. In 
particular, for the treatment of electromagnetic wave in rotating frame by means of Fermi 
coordinates [31] and for the determination of the helicity-rotation coupling, as a special case 
of spin-rotation coupling [32, 33]. In all these calculations the locality hypothesis is used. 

In the case of linear acceleration an analysis of the inertial effects has been done in 
Ref. [34]. The same non-inertial 4-metric has been used in Ref. [35] to study the optical 
position meters constituents of the laser interferometers on ground used for the detection 
of gravitational waves. However the 4-metric used has a bad behavior at spatial infinity, so 
that the conclusions on the electro-magnetic waves in these frames (even if supposed to hold 
at distances smaller than those where there are coordinate singularities) are questionable 
because the Cauchy problem for Maxwell equations is not well posed. 

In this Section we study some properties of electro-magnetic waves and of geometrical 
optic approximation to light rays in the radiation gauge in the admissible rotating non- 
inertial frame defined by the embedding (2.14), ensuring a well-posed Cauchy problem, at 
small distances from the rotation axis where the 0(c~ l ) deviations from rigid rotations 
is governed by Eqs.(2.15) and (2.16). Even if we will ignore these deviations, doing the 
calculations in the radiation gauge in locally rigidly rotating frames, they could be taken 
into account in a more refined version of the subsequent calculations base on the 3+1 point of 
view, which is free from coordinate singularities. This would also allow to verify the validity 
of the locality hypothesis. In particular we consider the Phase Wrap Up effect [31, 36], the 
Sagnac effect [37, 38] and the Faraday Rotation [39]. 

A. The 3+1 Point of View on Electro-Magnetic Waves and Light Rays in Nearly 
Rigidly Rotating Non-inertial Frames. 

Let us consider a non-inertial frame of the type (2.14) with vanishing linear acceleration 
and r-independent angular velocity and centered on an inertial observer. In the notation of 
Eqs.(2.15), (2.16) and (4.48), we have x»(t) = e^r, i.e. v(r) = w(t) = 0, and Q{t) = Q = 
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const, (whose components are Q r = const.). We will ignore the higher order terms, so that 
locally we have a rigidly rotating frame, but with more effort small deviations from rigid 
rotation could be taken into account. 

In this case the Hamiltonian (4.35), or (4.52), gives the following Hamilton equations for 
the transverse electro-magnetic field (A± = {A± r = A r ± ^ A r ± } + 0(c~ 2 )) 



dA r ± (r,a) 
dr 

dn r ± (T, a) 
dr 



ir r ± (r, a) - - J d A a' \-Vt ■ a 1 x & A ± (r, a') + Qx A ± (t, a')\ P sr (cf', a), 
AA r ± (r, a) - ^ J d 3 a' [-fi ■ a' x d' n ± (r, a')+tix n ± (r, a')] ' P sr (a', a) + 



(6.1) 



For the study of homogeneous solutions of these equations, i.e. for incoming electro- 
magnetic waves propagating in regions where there are no charged particles, these equations 
can be replaced with the following ones (we use the vector notation of Subsection C of 
Section IV) 



dA±(r, a) = ^ B)-- \-Q ■ a x dA ± (r, a) + Q x A ± (t, a) 
or c i 

= AA ± (t, a) -Q ■ a x dir±{T, a) + Q x tt±(t, a) 

or c . 



(6.2) 



As shown in Appendix B, this result allows to recover the form given by Schiff in Appendix 
A of ref.[28] for the Landau-Lifschitz non-inertial electro- magnetic fields [17]. 

Let us look at solutions of Eqs.(6.2) in the following two ways. 
1. Going back to an Inertial Frame 

Let us look at solution by reverting to an inertial frame. 
By introducing the 3-coordinates 



X a (r) = R a r (r)a r , (6.3) 

at each value of r by means of a r-dependent rotation (it would become also point-dependent 
if we go beyond rigid rotations) we can go from the rigidly rotating non-inertial frame with 
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radar 4-coordinates (r; a u ) to an instantaneously comoving inertial frame, centered on the 
same inertial observer, with 4-coordinates (r;X a ). 

Let us assume that the non-inertial transverse electromagnetic potential Aj_ r (r, a u ) can 
be obtained from the instantaneously comoving inertial transverse potential A^° m ^(r, X a (r)) 
defined by 

A ±r (r,a u ) = A { l° a m) (r,X a (r) = R a s (r)a^ R\(r), (6.4) 

which by definition satisfies the inertial Maxwell equations in the radiation gauge (obtainable 
by putting Eqs.(6.4) into Eqs.(6.2)) 

pa /((com)/ y^s o 

} ~ ^ X b ) =0, ^(r, X b ) = 0. (6.5) 

a 

This result is in accord with the general covariance of non-inertial Maxwell equations and 
is also consistent with the locality hypothesis (see Subsection B of Section II) of the the 1+3 
approach. 

If we consider the following plane wave solution with constant F a and K a and J2 a ^ a ^ a = 
(transversality condition) 

A ( l° a m) (T,X b ) = -F a e^( T ~^^ xa ), (6.6) 
we get the following expression for the non-inertial solution 



— * 

Hr,a u ) = T-k a R\(r)a^\^ =const r( y l + ^.axk)-k.a 
2. Eikonal Approximation 

Let us now look at solutions by making the following eikonal approximation (without any 
commitment with the locality hypothesis) 

A ±r (r,a u ) = -a r (T,a u )e^^ T ^ + 0(l/u 2 ). (6.8) 
and by putting this expression in Eqs.(6.2). 
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Let us consider the case in which we have u/c » 1 e Q/c « 1, so that Eqs.(6.2) 
become a power series in uj/c. By neglecting terms in Q 2 /c 2 and terms in (c/u)~ k for k > 0, 
the dominant terms are: 

a) at the order u/c the equation for the phase $, named eikonal equation; 

b) at the order (co/c)° = 1 the equation for the amplitude a r , named first-order transport 
equation. 

These equations have the following form (a = {a r }) 



<9$ 



, -2--?x3$-|9$ 
or J c 



(T,a u ) + O(n 2 /c 2 ) = 



— — + — x a a xda] - a x d® - [d$ ■ d) a 

or \ot c c I or c V / 



(r,<r u ) 



d-d<$> 



(r, ex") = {transversality condition). 



(6.9) 



Let us look for solutions of the eikonal equation for $ of the form 

$(r,(7 u ) = T + F(cr u ), (6.10) 
where we have chosen the boundary condition 

<F = L (611) 

This condition implies that the solution of Eq.(6.8) describes a ray emitted from a source 
having a characteristic frequency u when it is at rest in the non-inertial frame. Let us remark 
that in more general cases this type of boundary conditions are possible only if the 3-metric 
h rs and the lapse, n, and shift, n r , functions are stationary in the non-inertial frame. 

An expansion in powers of Q/c of F(a u ), namely F(a u ) = F a (a u ) + f Fi((j u ) + o(f), 
gives the following form of the eikonal equation 



1 - (BF {a«)) ' 
implying: 



2Q 



fl-ax dF (a u ) +dF (a u ) ■ d >i(<7 tt )] + o(^) = 0, (6.12) 
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a) the equation 1 — F (a u )^ = at the order zero in Q. If k is an arbitrary unit 
vector (the propagation direction of the plane wave in the inertial limit Q i— > 0), its solution 
is 

F Q (a u ) = -k ■ a. (6.13) 

b) the equation k ■ d Fi{a u ) = —& ■ a x k for F\{a u \ after having used Eq.(6.13), at the 
order one in f2. Since we have (k • d) (£l • a x k) — and (k • d) (k • a) — 1, the solution for 
Fi(<7 u ) is 

Fi(a u ) = -(tt ■ a x k^J {k ■ a). (6.14) 
Therefore the solution for $ is 

$(r )( j u ) = r-k-a(l + n-ax kj. (6.15) 

The phases in the solutions (6.7) and (6.15) of Eqs.(6.2) are different since the solutions 
have different boundary conditions. The solution (6.7) satisfies also the eikonal equation 
but not the boundary condition (6.11), since we have ^ = 1 — K a R a r {T~) e ruv Q u a v ^ 1. 

Let us remark that both the solutions (6.7) and (6.15) have the following structure 

A r ± (r, a u ) ~ A r {r, a u ) e l ^ T ^\ (6.16) 

where A r (r, a u ) ~ O(l/uo) is the amplitude and </?(r, a u ) ~ 0(uj) is the phase. The only 
difference is that the solution (6.7) holds for every value of u (also for the small values 
corresponding to the radio waves of the GPS system), while the solution (6.15) for the 
phase of the eikonal approximation (6.8) holds only for higher values of u, corresponding to 
visible light. 

3. Light Rays 

Given the phase of Eq.(6.16), the trajectories of the light rays are defined as the lines 
orthogonal (with respect to the 4-metric Qab of the 3+1 splitting) to the hyper- surfaces 
<p(t, a u ) = const.. Therefore the trajectories (J A (s) (s is n affme parameter) satisfy the 
equation 

d -^T = 3 AB ^))^{a{s)). (6.17) 
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For instance in the case of our rigidly rotating foliation, for which Eqs.(2.14)-(2.16) imply 
gTT = x g rr = _^ x g rs = _ 5 rs + o(tt 2 /c 2 ), Eqs.(6.17) take the form 



*M = w + £. [ ^xa] + 0(fi 2 /c 2 ), 
as \ c 

' /<T ' fs) w (-xa) • // ( 1 • -xn'./;| ( - x jfe I (jfe • &) + 0(fi 2 /c 2 ), 



o?s \ c \ c \ c 



whose solution has the form 



(6.18) 



B{t) - ,r(0) = kr + x fcj r 2 + 0(fi 2 /c 2 ). (6.19) 

This equation shows that in the rotating frame the ray of light appears to deviate from the 
inertial trajectory <t(t) = kr due to the centrifugal correction c(r) = x k^j t 2 + 0(Q 2 /c 2 ) 

implying k ■ c(r) = + 0(Q 2 /c 2 ). 
B. Sources and Detectors 

To connect the previous solutions to the interpretation of observed data we need a 
schematic description of sources and detectors. 

In many applications sources and detectors are described from point-like objects, 
which follow a prescribed world-line C A ( r ) — ( r ? r ] u ( T )) with unit 4-velocity v A {r) = 



This description is enough for studying the influence of the relative motion between source 
and detector on the frequency emitted from the source and that observed by the detector 
(it works equally well for the Doppler effect and for the gravitational redshift in presence 
of gravity). With solutions like Eq.(6.16) the frequency emitted by a source located in ( S A 
and moving with 4-velocity v s A and that observed by a detector in ( r A and moving with 
4-velocity v r A are u s = v s A &a vi.Cs) an d u r = v r A 8a y?(Cr), respectively. 

This justifies the boundary condition (6.11), because sources at rest in the rotating frame 
with coordinates (r, a r ) have 4-velocity v A = (1,0). 

However, to measure the electro-magnetic field in assigned (spatial) polarization direction 
we must assume that the detector is endowed with a tetrad orthonormal with respect to 
the 4- metric of the 3+1 splitting, such that the time-like 4- vector is the unit 4-velocity of 
the detector: in 4-coordinates adapted to the 3+1 splitting they are £(1)(t) = {^{o)i T ) = 
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v a (t);S^(t)J, gAB(Cr(r)) £fa(r) £^(t) = V(a)(/3) (see Subsection B of Section II for the 
1+3 point of view). A detector measures the following field strengths along the spatial 
polarization directions £^(t): E {i) = F AB v A £ B } and B {i) = (1/2) e (i)(i)(fe) F AB SfaSfty 

Let us consider the following two cases. 

1. Detectors at Rest in an Inertial Frame 

A detector at rest in the instantaneous inertial frame with coordinates (r; X a (r)) follows 
the straight world-line Cr,m( T ) = re r + e aVin w ^ n Vin = const, and has the 4- velocity 
u ii _ if the reference asymptotic tetrad of the foliation is related by = A^ej^ 
to a tetrad = 5^ aligned to the axes of the inertial frame in Cartesian coordinates, 
then a generic time-independent non-rotating tetrad associated with the detector will be 
= A(A)^e^ = A(A)^ if G( T ) = u^. Here the A's denote Lorentz transformations. 
The detector will measure the standard electric and magnetic fields = F^ u and 
= (1/2) e ( i)(j)( k ) Qfo g v (k) . 

2. Sources and Detectors at Rest in Inertial and Rotating Frames 

Lt us now consider sources and detectors at rest in the nearly rigid rotating frame de- 
scribed by the embedding z^(r,a u ) = e^r + e£ RJ s (r) a s + 0{Vt 2 /c 2 ), so that z^(r,a u ) = 
^ T + % R r s (r) a s + 0(n 2 /c 2 ) and z?(t, <t u ) = e» R s r (r) + 0(ft 2 /c 2 ). 

The world-line of these objects will have the form C M ( r ) — Te^ + e^f i? r s (r) r)* + 0(Q 2 /c 2 ) = 
e A ( A ( T ) with Vo = const.. We have ( r (r) = r and ( r (r) = R r s (r) n s Q + 0(Q 2 /c 2 ). Therefore 
these objects coincide with some of the observers belonging at the non-surface forming 
congruence generated by the evolution vector field as said in Subsection B of Section II. 
Since the world-lines of the Eulerian observers of the other congruence are not explicitly 
known, it is not possible to study the behavior of objects coinciding with some of these 
observers. 

Therefore the unit 4-velocity will have the components v A {j) propor- 

tional to C A (r) = (l; RT ,(r) rf + 0(fi 2 /c 2 )) » \ n=const (l;R\(r) (ff x + 0(fi 2 /c 2 )), 
where the definitions after Eq.(2.14) have been used. 

We can also write -u m (t) = u a (t) z^(t, 77") by using the non-orthonormal tetrads z a (t, a u ). 
Then we get v t (t) = u T (r)+0(n 2 /c 2 ) and v r (r) = u t (t) R r s (r) r] s +R r s (r) u s (r)+0(n 2 /c 2 ). 
While the quantities v a (t) give the description of the 4-velocity with respect to the asymp- 
totic non- rotating inertial observers, the quantities u A (r) explicitly show the effect of the ro- 
tation at the position rf Q of the object. Therefore it should be u a (t) = (1; 0) at the lowest or- 
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der: indeed we get u t {t) = l + 0{Q 2 /c 2 ) andw r (r) = v s (r) R s r (r) - u T \R~ 1 {t) R{t)J s rj s = 
+ O(Q 2 /c 2 ). 



For the constant unit normal to the instantaneous 3-spaces we get 



P = e» = l A (T,r) r ) z"(t,7£) with l T {r,rf ) = 1 + 0(Q 2 /c 2 ) and Z" r (r,^) = 
-r(r,i£) (it:- 1 ^)^))^^ = -fa x + 0(fi 2 /c 2 ). 



Let us introduce an orthonormal tetrad W? a fyti/VV^ VV^-, = r}( a )(f3), whose time-like 4- 



vector is Z", i.e. We have W ( M o) = P = = W£ } = VV^(r, rtf ) 4(t, ^) with .W£ } = (1; 0) 
and W£ o) (r,ri2) = l A {r,r%) = (l; -fax f ) r ) + 0(fi 2 /c 2 ). The spatial axes Wg } = W A e» A = 
VV ( 4 } (r, 7#) ^(r, ^) with Z M Wg } = [Z A VV B ](r, ^) = must be non-rotating with respect 
to the observer with 4- velocity proportional to z*?(t : 77"). Therefore we must have WA = 
(0;Wr } ) with W {i) = const.. As a consequence we have Wfjr) = (0; R r s {r) W s (i) ) + 



The polarization axes of sources and detectors will be defined by a tetrad £?At, r] r ) = 
£(t)( r X) e A = £(t)( r X) Za(t,tiZ), V^^ a) S v {f}) = rj (am with the following properties: 

a) the time-like 4- vector £^{r,rf ) is such that its components £ A ^{r,rj r ) coincide with 
the components u a {t) = (1;0) + 0{VL 2 /c 2 ) of the 4-velocity u^{r) of the object located at 
C m (t) = z^{r,ri r ): as a consequence we have £( \(t,t)1) = z^{T,rj r ) + 0(f2 2 /c 2 ) = u^{r); 

b) the spatial axes £%\(t, 77^), orthogonal to the 4-velocity w M (r), must be at rest in the 
rotating frame: we have to identify their components £^(r, 77^). 

If at the observer position we consider the Lorentz transformation sending Z M to w M (r), i.e. 
L^ v {\ i-> u(t)), its projection L A B (f3) = e A L^ v (l i-> u(t)) e B is a Wigner boost, see Eq.(2.8), 



with parameter (3 = {(3 r = R r s (r) (ff x 2) ( so that 7 = a/ 1 - (3 2 = 1 + 0(fi 2 /c 2 )). 



Therefore the transformation sending the components Z A (r, 77") of the unit normal into the 
components u a {t) of the 4-velocity modulo terms of order 0(Q 2 /c 2 ) is 




0{Q 2 /c 2 ). 





= « A (r) = (l;0) + O(fi 2 /c 2 ) = 

= 4 4 Wg)) (r, tf) + 0(fi 2 /c 2 ), 



^)(r, <) = (z A e» L C D 0) z B ) (r, W*. (6.20) 



This complete the construction of the non-rotating tetrads £^(r, 77") for the objects at 
rest at 77^. 
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A detector endowed of such a non-rotating tetrad will measure the following projections 
of the electro-magnetic field strength on its polarization directions 

E(i) = F AB u a £ ( f } , B {i) = - t(,^ j){k) F AB £f j} Sf k) . (6.21) 

These quantities have to be confronted with the non-inertial electric and magnetic fields 
E r and B r , whose projections on the non-rotating spatial axes = (0; W^) inside the 
instantaneous 3-space are 

E {ii = E r Y^ ) , B {i) = B r W {i) . (6.22) 
Eqs.(6.20) imply the following connection among these quantities 

E {i) = E (i) + 0(n 2 /c 2 ), 

B (l) = Bb-^^^^x ^ S E {k) + 0(n 2 /c 2 ). (6.23) 

For radio wave (like in the case of GPS) the directions or £fo are realized by means 
of antennas attached to both emitters and receivers. In the optical range the antennas are 
replaced by components of the macroscopic devices used for the emission and the detection. 

C. The Phase Wrap Up Effect 

The phase wrap up is a modification of the phase when a receiver in rotational motion 
analyzes the circularly polarized radiation emitted by a source at rest in an inertial frame. 
Till now the effect has been explained by using the 1+3 point of view and the locality 
hypothesis in Refs.[31], where it shown that it is a particular case of helicity- rotation coupling 
(the spin-rotation coupling for photons). It has been verified experimentally, in particular 
in GPS [36], where the receiving antenna on the Earth surface is rotating with Earth. 

We will explain the effect by using the non-inertial solution (6.7) and an observer at rest 
in an inertial frame endowed of the tetrad Q? A s defined in Subsubsection 1 of Subsection 
B. We rewrite the spatial axes in the form = (j^, 1^, K a ^j with the vectors satisfying 
-f(i) • 1(2) = 0, • K — (A = 1, 2), 1?^. = 1. Then we pass to a circular basis by introducing 
the vectors = /(1) J^ /2 , which satisfy K ■ /j ± ) = 0, I 2 ± ^ = and ■ = 1. 

In the rotating non-inertial frame a right-circularly polarized wave, emitted in the inertial 
frame, will have the form (6.7) (K ■ = is the transversality condition) 
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A ±r (T,a) = -I {+)a R\(T)e^^. 



(6.24) 



Let us remark that in the circular basis we have Aj_ = A n n + A + L + \ + A_ but 
the components A n , A±, coincide with either linearly or circularly polarized states of the 
electro-magnetic field only for h = k, since K = (K 2 = ^) is the wave vector. 

From Eqs(6.24) we obtain the following non-inertial magnetic and electric fields (2.19) 

B r = - | I {+)a R\(r) e* 2 d H B 1 {+)a {K) R\(t) e * 

E r = -i- I i+)a R a r (r) e l % + - (Q x a) x B = 

c c 

= f E I (+)a R a r (r)e^^ + E e K a R\(r) e^^\ 

F F 1 1 

B = , £ = -j- + -(flxa)xBJ H , Ei = -(Q x a) x B ■ K. (6.25) 

Let us now consider a receiver at rest in the rotating frame. Since its 4-velocity is 
u A = (1;0), it can be endowed with the non-rotating tetrad VV^ of Subsubsection 2 of 
Subsection B. If n is the unit vector in the direction of the rotation axis (), i.e. if f2 = fin, 
we can choose the spatial axes VV£n = (e^, e r , 2 yh r ) with eji) • e*(2) = 0, e^x) • K — 0, = 1. 
If we introduce the circular basis e(±) = e(1) J^ £2 , we have n • e*(±) = 0, = 0, e*(+) • e(_) = 1 
and i? a r (r)e (±) r = e a {±) e^M. 

The receiver will measure the following magnetic and electric fields 



B n = B r n r = B I I(+) a n a ) exp 



i— $ 
. c . 



B(±) = B r e r ^ = B Q ^/( +)a e" T) j exp 



- (^fir + LU$(T,a)) 
c 



E n = E r n r 



E, 



+ E e K a n a 



exp 



i— $ 

c 



(T) 



-Eo ( -f(+)a e (r) ) + E e K a e" ±) 



exp 



( T fir + cu$(r, a)) 



(6.26) 
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In the case h a = K a we find 



B n = = 



B (+) 



Boe [i^-n)r+K.a)]^ 




E (+) 



Eoe li^-Sl)T+K.*)]_ 



(6.27) 



Therefore the components -£>(+), -£'(+) have the frequency modified to uo i— > uo — Q: this is 



the phase wrap up effect. These are same results as in Ref.[31] at the lowest order in Vt/c. 
The only new fact is the presence of the component E n ^ 0. 

It would be interesting to make the calculation of the deviations of order 0(Vl 2 /c 2 ) from 
rigid rotation, to see whether the result u i— > 7 (u ± Q) (7 is a Lorentz factor), found in 
Ref. [31] by using the locality hypothesis and supporting the interpretation with the helicity- 
rotation coupling, is confirmed. 

D. The Sagnac Effect 

Following a suggestion of Ref. [37] let us consider the solution (6.8) in the eikonal ap- 
proximation, which describes the propagation of the radiation along a ray of light whose 
trajectory is given in Eq.(6.19). This solution allows to get a derivation of the Sagnac effect 
(described in Appendix A) along the lines of Ref. [38]. 

Let us consider two receivers A and B at rest in the rotating frame and characterized by 
the 3-coordinates rf A and rf B respectively. Let us assume that A and B lie in the same 2-plane 
containing the origin a r = and orthogonal to Q. Therefore we have Q ■ f)A = ^ • f]B — 0. 
Let us assume that A and B are both on the trajectory of a ray of light, so that Eq.(6.19) 
implies the existence of a time tab such that we have 




(6.28) 



The phase difference between A and B at the same instant r is 
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C 



00 

c 



}■ ■ [ iju if. \ ) + (/>■•'///) | ^ • '/'/; x /•• j (/•• • >l \) i ■ >l \ x !' 



+ o(n 2 /c 2 ). 

Eq.(6.28) implies 



(6.29) 



Vb = Va + kr AB + 0(n/c) -■ff B xk = --ff A xk + 0(fi 2 /c 2 ), 

c c 



so that we get 



(6.30) 



A<p 



oo 



AB 



k ■ (ff B - ff A ) + k ■ (ff B - f) A ) I ^ • fj A x k ) + 0{VL 2 /c^ 



(6.31) 



Since Eq.(6.28) also implies ffs — ff A —\ Vb — Va | k + 0(fr/c ), we arrive at the result 



Vb-Va\ +— • ?M x (r] B - r] A ) 



0(n 2 /c 2 ). 



(6.32) 



If Ab A o is the area of the triangle BAO in the 2-plane orthogonal to Q, we have — • fj A x 
(?7b — if a) = ±2 ^ Abao (the choice of ± depends on the direction of motion of the ray). As 
a consequence, the phase difference is the sum of the following two terms 



A</?ab = -- | Vb - ff A | +5y?Ai? + 0(fi 2 /c 2 ^ 



(6.33) 



While the first term, — ^ | f]B — f) A |, is present also in the inertial frames, the second 
term 



S^Pab = =F 



2uQ 



— A B ao, 



(6.34) 



is the extra phase variation due to the rotation of the frame. This is the Sagnac effect. 



E. The Inertial Faraday Rotation 



Let us give the derivation of the rotation of the polarization of an electro-magnetic wave 
in a rotating frame, named inertial Faraday rotation, which is important in astrophysics 
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[39] , were it is induced by the gravitational field (due to the equivalence principle only non- 
inertial frames are allowed in general relativity). Our approach is analogous to the one of 
Ref. [29] in the case of Post-Newtonian gravity. 

Let us consider the amplitude a of the solution (6.8) in the eikonal approximation: it 
carries the information about the polarization of a ray of light. To study the first-order 
transport equation for it, the second of Eqs.(6.9), let us make the series expansion 




(6.35) 



and let us make the ansatz (in an inertial frame it corresponds to a plane wave) 

ddj* 

a (T,a) = a = const., =>- — = 0, d r a o = 0. (6.36) 



This ansatz implies the following form of the second and third equation in Eqs.(6.9) 



ft 

c 



a Q ■ k + 



ddi 



+ Cl x a ) - (k • d) a 1 



o, 



a ■ (k (h ■ a x jfe) - (jfe • a) (Cl x k) ) + ai • k +0 = °- ( 6 - 37 ) 



To study these equations, let us assume that each rotating receiver is endowed with 
a tetrad of the type given in Eq.(6.20): the spatial axes >V^ = (R[(k) , R r 2 {k) , k r ) with 
R x (k) ■ R y (k) = 5 xy , R x (k) ■ k = 0. 

The second of Eqs.(6.37) for the unknown a , a x is the transversality condition and it 
implies 



order in Cl — > a Q ■ k = a = a*R\{k), 
order linfl 

a 1 -k = -a ■ ( k (& ■ a x k) + (k ■ a) (Cl x k) ) = 

= -a x R x {k) ■ (Q x k)(k-a). (6.38) 

Due to the ansatz (6.36) the first of Eqs.(6.37) is of order 1 in f2 and gives the following 
condition on d\ 
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dai 



^ /\ — * 

Q x a G + (k ■ d) a 1 = 0. 



(6.39) 



If we project this equation on the directions k, R\(k), we get 



— (dl • A;) - ft x a • A; + (A; • d) (ai • fc) = 0, 



97 



Q x i2 A ,(jfe) • R\(k) a* + (k ■ d) a\ = 0. 



(6.40) 



While the first of Eqs.(6.40) is automatically satisfied, the second one is an equation for 
the components a\. The simplest solutions are obtained with the following ansatz 



1h 



0, =>. a^(r) = tt x R X '(k) ■ R\(k)^ k-aa„. (6.41) 



The final solution for the transverse electro-magnetic potential is 



+ 



CO 



1 — * 

Ri + 6(a) R 2 (k) — (ft ■ R 2 (k)) k 



Ri{k) - 9(a) R ± (k) + — (ft ■ R ± (k)) k 



+ 



*7*) 



+ 0(l/u 2 ), 



with 



9(a) = -(k-a)(tt-k). 

c 



(6.42) 



The resulting non-inertial magnetic and electric fields are (B = {B r }, E = {E r }) 
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B 



i a Q 



1 r 



R 2 {k)-6{B) R^k) 



-xa-k) R 2 (k) — (ft • RAk)) k 

c c 



:(^*) 



+ 



+ 



R 1 {k) + 9{a) R 2 {k) 



+ 



+ 



2 a D 



-xai ^i(Jfe) + — (ft • i? 2 (fc)) fc 
c c 



+ 



+ o(i/cu) + o(ft7c 2 ) 



2 a G 



#i(fc) + 0(a) i? 2 (fc) - — (ft ■ R 2 {k)) k 



:(*7*) - 



fc- 



i? 2 (fc) - ^(a) -Ri(fc) + (ft • i?i(fc)) fc 



+ 



+ o(iM + o(ft7c 2 ) 



/(a) = + 0(l/ w ) + 0(ft7c 2 ). 



(6.43) 



As in the case of the Sagnac effect let us consider two receivers A and B at the endpoints 
of the same light ray described by Eqs, (6.19) and (6.28). The magnetic field observed by A, 
B(t, tJa), differs from the one observed by B, B(t,t}b)- Since the phase changes have been 
already analyzed for the Sagnac effect, let us concetrate on the amplitudes b(fjA) and &(r/s). 
Since Eq.(6.28) gives ifs — Va = kr AB + 0(ft/c), we find 
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Kvb) - Kva) = ^ 56 B a R,{k) + ^ 59 BA R 2 {k) + 
c c 



+ 



ia r 



Vb ~ Va 



(Q-R^k^k 



+ 



+ 



i a. 



Vb ~ Va 



(ft • R 2 (k)) k 



+ o(n 2 /c 2 ), 



with 



69 BA = 9(f) B ) - 9(f) A ) = - c | ff B - fj A | (ft • k) + 0(ft 2 /c 2 ). (6.44) 

56 b a is the angle of the inertia! Faraday rotation (in this case it is small, 56 AB ~ ft/c). It 
agrees with Eq.(4) of Ref.[39], where it has the form 56 AB = —\ ^/Qtt (V x n) ■ da as 
a line integral along the spatial trajectory of the light ray. This formula agrees with our 
result, because, due to the approximations we have done, we have g TT — 1, (V x n) — — 
and our ray trajectory is <t(t) = k r + a Q + 0(ft 2 /c 2 ). 

To make the rotation explicit, let us write the components along the two polarization 
directions: b^){v A ) = b(ff A ) • R\(k) and b^){v B ) = b(vs) ■ R\(k). In this way we get 

b { i)(v B ) = 6(i) (?m) + 59 A b ^ + 0(ft 2 /c 2 ) = 6(1)^) - 56 AB b {2) (ff A ) + 0(ft 2 /c 2 ), 

2 

6(2) (ife) = 6 (2 ) (tu) + 56 ab ^- + 0(ft 2 /c 2 ) = 6( 2) {v A ) + 56 ab b {1) (ff A ) + 0(ft 2 /c 2 Ii6.45) 

This is just a small angle rotation with 6(a) (vb) = R\ X> (k) (56 ab) 6(a')(^a)- 
The electric field may be treated in the same way. 
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VII. CONCLUSIONS 



In this paper we have defined the general theory of non-inertial frames in Minkowski 
space-time. It is based on M0ller-admissible 3+1 splittings of Minkowski space-time (they 
give conventions for clock synchronization, i.e. for the identification of instantaneous 3- 
spaces) and on parametrized Minkowski theories for isolated systems admitting a Lagrangian 
description. The transition from a non-inertial frame to every other one is formalized as a 
gauge transformation, so that physical results do not depend on how the clock are synchro- 
nized. 

The M0ller conditions, implying the absence of rotational velocities higher than the ve- 
locity of light c and requiring that the three eigenvalues of the non-inertial 3-metric inside 
the instantaneous Riemannian 3-spaces has three non-null positive eigenvalues, have to be 
implemented with the following two extra conditions: 

a) the lapse function must be positive definite in each point of the instantaneous 3-space, 
so to avoid the intersection of 3-spaces at different times; 

b) the space-like hyper-surfaces corresponding to the Riemannian 3-spaces must become 
space-like hyper-planes (Euclidean 3-spaces) at spatial infinity with a direction-independent 
unit normal I?, (asymptotic inertial observers to be identified with the fixed stars). 

Among the admissible non-inertial frames we identified the non-inertial rest frames, gen- 
eralizing the inertial rest frames and relevant for canonical gravity [5, 11, 12]. 

All the properties of the inertial rest-frame instant form of dynamics, studied in details 
in Refs. [8], have been extended to non-inertial frames. Again every isolated system may 
be described as a decoupled non-covariant external center of mass carrying a pole-dipole 
structure: the internal mass of the system and an effective spin (becoming the rest spin in 
the inertial rest frame). In particular we have found the non-inertial generalization of the 
second class constraints eliminating the internal 3-center of mass inside the instantaneous 
3-spaces. 

This theory of non-inertial frames is free by construction from the coordinate singular- 
ities of all the approaches to accelerated frames based on the 1+3 point of view, in which 
the instantaneous 3-spaces are identified with the local rest frames of the observer. The 
pathologies of this approach are either the horizon problem of the rotating disk (rotational 
velocities higher than c) , which is still present in all the calculations of pulsar magnetosphere 
in the form of the light cylinder, or the intersection of the local rest 3-spaces. The main 
difference between the 3+1 and 1+3 points of view is that the M0ller conditions forbid rigid 
rotations in relativistic theories. The simplest example of 3+1 splitting with differential 
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rotations is given and the 3+1 point of view for the rotating disk and the Sagnac effect is 
evaluated. This splitting is also used to give a special relativistic generalization of the non- 
relativistic non-inertial International Terrestrial Reference System (ITRS) used to describe 
fixed coordinates on the surface of the rotating Earth in the conventions IERS2003 [40]. 

We have done a detailed study of the isolated system of positive-energy scalar particles 
with Grassmann-valued electric charges plus the electro-magnetic field extending to non- 
inertial frames its Hamiltonian description given in the inertial rest frame in Ref. [8]. 

By using a non-covariant (i.e. coordinate-dependent) decomposition of the electro- 
magnetic potential we obtained the non-inertial radiation gauge, in which the electro- 
magnetic field is described by means of transverse quantities (the Dirac observables) . This 
allowed us to find the non-inertial expression of the Coulomb potential, which is now de- 
pendent also on the field strengths and the inertial potentials. The non-covariance of the 
description is natural due to the presence in the Hamiltonian of the relativistic inertial poten- 
tials, namely the components Qab{Ji °" r ) of the 4-metric induced by the 3+1 splitting, which 
are intrinsically coordinate dependent. The non-relativistic limit of the inertial potentials 
reproduces the standard (again coordinate-dependent) Newtonian ones. The Hamiltonian in 
non-inertial frames turns out to be the sum of the invariant mass (now coordinate-dependent 
due to its dependence on the 4-metric) of the system plus terms in the inertial potentials 
disappearing in the inertial rest frame. 

Then we re-examined some properties of the electro-magnetic wave solutions of non- 
inertial Maxwell equations, which till now were described only by means of the 1+3 point 
of view, in the 3+1 framework, where there is a well-posed Cauchy problem due to the 
absence of coordinate singularities. By considering admissible nearly rigid rotating frames 
we recover the results of the 1+3 approach and open the possibility to make these calculations 
in presence of deviations from rigid rotations. 

A still open problem are the constitutive equations for electrodynamics in material media 
in non-inertial systems. For linear isotropic media see the Wilson- Wilson experiment in 
Refs.[41] and Ref s. [37, 42], while for an attempt towards a general theory in arbitrary media 
(including the premetric extension of electro- magnetism) see Refs. [43] 

In conclusion we have now a good understanding of particles and electro-magnetism in 
non-inertial frames in Minkowski space-time, where the 4-metric induced by the admissi- 
ble 3+1 splitting describes all the inertial effects. Going to canonical gravity in the York 
canonical basis of Ref. [12] is possible to see which components remain inertial effects and 
which become dynamical tidal effects (the physical degrees of freedom of the gravitational 
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field); moreover the inertial 3- volume element and some inertial components of the extrin- 
sic curvature of the instantaneous 3-spaces become complicated functions of both general 
relativistic inertial and tidal effects, because they are determined by the solution of the 
super-Hamiltonian constraint (the Lichnerowicz equation) and of the super-momentum con- 
straints. 
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APPENDIX A: THE ROTATING DISK AND THE SAGNAC EFFECT 



In this Appendix we give the description of a rotating disk and of the Sagnac effect 
starting from an admissible 3+1 splitting of Minkowski space-time of the type of Eqs.(2.14). 
An enlarged exposition with a rich bibliography is given in Section I Subsection D and E 
and in Section VI Subsections B and C of the first paper in Ref. [3]. 

While at the non-relativistic level one can speak of a rigid (either geometrical or material) 
disk put in global rigid rotatory motion, the problem of the relativistic rotating disk is still 
under debate (see Refs.[16, 44]) after one century from the enunciation of the Ehrenfest 
paradox about the 3-geometry of the rotating disk. The problems arise when one tries to 
define measurements of length, in particular that of the circumference of the disk. Einstein 
[45] claims that while the rods along the radius R Q are unchanged those along the rim of 
the disk are Lorentz contracted: as a consequence more of them are needed to measure the 
circumference, which turns out to be greater than 2n R Q (non-Euclidean 3-geometry even if 
Minkowski space-time is 4-flat) and not smaller. This was his reply to Ehrenfest [46], who 
had pointed an inconsistency in the accepted special relativistic description of the disk 16 
in which it is the circumference to be Lorentz contracted: as a consequence this fact was 
named the Eherenfest paradox (see the historical paper of Gr0n in Ref. [47]). 

Since relativistic rigid bodies do not exist, at best we can speak of Born rigid motions [48] 
and Born reference frames 17 . However Gr0n [47] has shown that the acceleration phase of 
a material disk is not compatible with Born rigid motions and, moreover, we do not have a 
well formulated and accepted relativistic framework to discuss a relativistic elastic material 
disk. 

As a consequence most of the authors treating the rotating disk (either explicitly or 
implicitly) consider it as a geometrical entity described by a congruence of time-like world- 
lines (helices in Ref. [50]) with non-zero vorticity, i.e. non-surface forming and therefore 
non-synchronizable (see for instance Ref. [51]). This means that there is no notion of in- 
stantaneous 3-space where to visualize the disk (see Ref. [44] for the attempts to define rods 
and clocks associated to this type of congruences): every observer on one of these time-like 
world-lines can only define the local rest frame and try to define a local accelerated reference 

16 If R and R Q denote the radius of the disk in the rotating and inertial frame respectively, then we have 
R = R because the velocity is orthogonal to the radius. But the circumference of the rim of the disk is 
Lorentz contracted so that 2ir R < 2ir R Q inconsistently with Euclidean geometry. 

17 A reference frame or platform is Born-rigid [49] if the expansion 9 and the shear of the associated 
congruence of time-like observers vanish, i.e. if the spatial distance between neighboring world-lines 
remains constant. 
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frame as said in Section IIB. 

In the 3+1 point of view the disk is considered to be a relativistic isolated system (either 
a relativistic material body or a relativistic fluid or a relativistic dust as a limit case 18 ) with 
compact support always contained in a finite time-like world-tube W, which in the Cartesian 
4-coordinates of an inertial system is a time-like cylinder of radius R. Each admissible 
3+1 splitting of Minkowski space-time, centered on an arbitrary time-like observer, gives a 
visualization of the disk in its instantaneous 3-spaces S r : at each instant r the points of the 
disk in W fl S T are synchronized and through each one of them pass an Eulerian observer. 
Instead the irrotational congruence of the disk is described by the second congruence (whose 
unit 4- velocity is z%{t, a u ) / ^Jeg TT (r, a u ) and whose observers follow generalized helices a u = 
cr") associated to the admissible 3+1 splitting: each of the observers of this congruence, 
whose world-lines are inside W, has no intrinsic notion of synchronization. 

As a consequence, each instantaneous 3-space S T of an admissible 3+1 splitting has a 
well defined (in general Riemannian) notion of 3-geometry and of spatial length: the radius 
and the circumference of the disk are defined in W fl S T , so that the disk 3-geometry is 3+1 
splitting dependent. When the material disk can be described by means of a parametrized 
Minkowski theory, all these 3-geometry are gauge equivalent like the notions of clock syn- 
chronization. 

The other important phenomenon connected with the rotating disk is the Sagnac effect 
(see the recent review in Ref.[53] for how many interpretations of it exist), namely the 
phase difference generated by the difference in the time needed for a round-trip by two light 
rays, emitted in the same point, one co-rotating and the other counter- rotating with the 
disk 19 . This effect, which has been tested (see the bibliography of Refs.[53, 55]) for light, 
X rays and matter waves (Cooper pairs, neutrons, electrons and atoms), has important 

18 As an example of a congruence simulating a geometrical rotating disk we can consider the relativistic dust 
described by generalized Eulerian coordinates of Ref . [52] after the gauge fixing to a family of differentially 
rotating parallel hyper-planes. 

19 For monochromatic light in vacuum with wavelength A the fringe shift is Sz = 4fl • A/Ac, where f2 is the 
Galilean velocity of the rotating disk supporting the interferometer and A is the vector associated to the 
area \A\ enclosed by the light path. The time difference is St — X6z/c — 4f2 • A/c 2 , which agrees, at the 
lowest order, with the proper time difference St = (iAQ/c 2 ) (1 — Vt 2 R 2 / c 2 )^ 1 ! 2 , A = nR 2 , evaluated 
in an inertial system with the standard rotating disk coordinates. This proper time difference is twice 
the time lag due to the synchronization gap predicted for a clock on the rim of the rotating disk with a 
non-time orthogonal metric. See Refs.[37, 53, 54] for more details. See also Ref. [36] for the corrections 
included in the GPS protocol to allow the possibility of making the synchronization of the entire system 
of ground-based and orbiting atomic clocks in a reference local inertial system. Since usually, also in GPS, 
the rotating coordinate system has t = t (t is the time of an inertial observer on the axis of the disk) the 
gap is a consequence of the impossibility to extend Einstein's convention of the inertial system also to the 
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technological applications and must be taken into account for the relativistic corrections 
to space navigation, has again an enormous number of theoretical interpretations (both in 
special and general relativity) like for the solutions of the Ehrenfest paradox. Here the lack of 
a good notion of simultaneity leads to problems of time discontinuities or desynchronization 
effects when comparing clocks on the rim of the rotating disk. 

Another area which is in a not well established form is electrodynamics in non-inertial 
systems either in vacuum or in material media (problem of the non-inertial constitutive 
equations) . Its clarification is needed both to derive the Sagnac effect from Maxwell equations 
without gauge ambiguities [37] and to determine which types of experiments can be explained 
by using the locality principle to evaluate the electro-magnetic fields in the comoving system 
(see the Wilson experiment and the associated controversy [41] on the validity of the locality 
principle) without the need of a more elaborate treatment like for the radiation of accelerated 
charges. It would also help in the tests of the validity of special relativity (for instance on 
the possible existence of a preferred frame) based on Michelson-Morley - type experiments 
[34, 56]. 

Instead (see also Ref.[37]) we remark that the Sagnac effect and the Foucault pendulum 
are experiments which signal the rotational non-inertiality of the frame. The same is true for 
neutron interferometry [57] , where different settings of the apparatus are used to detect either 
rotational or translational non-inertiality of the laboratory. As a consequence a null result 
of these experiments can be used to give a definition of relativistic quasi-inertial system. 

Let us remark that the disturbing aspects of rotations are rooted in the fact that there 
is a deep difference between translations and rotations at every level both in Newtonian 
mechanics and special relativity: the generators of translations satisfy an Abelian algebra, 
while the rotational ones a non- Abelian algebra. As shown in Refs. [58] , at the Hamiltonian 
level we have that the translation generators are the three components of the momentum, 
while the generators of rotations are a pair of canonical variables (L 3 and arctg |4) and 
an unpaired variable (\L\). As a consequence we can separate globally the motion of the 
3-center of mass of an isolated system from the relative variables, but we cannot separate 
in a global and unique way three Euler angles describing an overall rotation, because the 
residual vibrational degrees of freedom are not uniquely defined. 

We will now give the 3+1 point of view on these topics (Subsection 1), followed by a 
discussion on the rotating 3-coordinates fixed to the Earth surface (Subsection 2). 

non-inertial one rotating with the disk: after one period two nearby synchronized clocks on the rim are 
out of synchrony. 
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1. The 3+1 Point of View on the Rotating Disk and the Sagnac Effect. 



Let us describe an abstract geometrical disk with an admissible 3+1 splitting of the type 
(2.14), in which the instantaneous 3-spaces are parallel space-like hyper-planes with normal 
P centered on an inertial observer a+(r) —l^r 

z^T,a) = Fr + efR r (3)s (r,a)a s . (Al) 

The rotation matrix Rt 3 -\ describes a differential rotation around the fixed axis "3" (we 
take a constant cu, but nothing changes with oj{t)) 



cos #(t, a) — sm#(r, <x) 
i2 (3) s ( r > cr ) = [ sin 6(t, a) cos 6(t, a) |, 
1 



6( T ,a) = F(a)uT, F(a)<—, 

uj a 



nr s (T,a)=(R^^)r s ( T ,a)=ujF(a) ( 1 |, 



0-10 

1 



n(r,a) = n(a) =toF(a). (A2) 



A simple choice for the gauge function F(a) is F(a) = — (in the rest of the Section 

c z 

we put c = 1), so that at spatial infinity we get f2(r, a) = — ^o-^oo 0. 

c z 

By introducing cylindrical 3-coordinates r, p, h by means of the equations a 1 = r cos ip, 
a 2 = r sin </?, a 3 = h, a = \/r 2 + h 2 , we get the following form of the embedding and of its 
gradients 



z i*(t, a) = Fr + e» [cos 9(t, a) a 1 - sin 9(r, a) a 2 ] + 
+ e% [sin 6(t, a) a 1 + cos 6(t, a) a 2 } + a 3 = 
= Fr + efr cos [6(r, a) + <p] + e£ r sin [6(t, a) + <p] + h, 
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= z?(T,B) = l"-urF(a) (e? sin [9(r, a) + ip] - e£ cos [9(r, a) + </?]) , 
^ ^ = *£(r, a) = -cf r sin [0(r, a) + ^ + e£ r cos [0(r, a) + ^ 

= 4^ *) = ((«» Mt> *)+*]- v^=p ^r 1 sin Pfr ff ) + d) + 

(t 2 ujt \ 
sin [0(r, a) + if] + _ cos [0(r, a) + v ]j 

where we have used the notation (r) to avoid confusion with the index r used as 3-vector 
index (for example in a r ). 

In the cylindrical 4-coordinates r, r, ip and ft, the 4-metric is 



eg TT (r,a) = 1 - u r F (a), e g Tip (r, a) = -u r F(a), eg w (r,a) = -r , 
, . u 2 r 3 T .dF(a) , ^ ou 2 r 2 hr w , dF(a) 



rW fdF(a)\ 2 
e 9(r){r){T, a) = 'r^Th 2 \da~ ) ' 



r 2 h 2 uj 2 r 2 f dFjp) 



r 2 + h 2 \ da 

, . ujt 3 t dF(a) . ^ uj 2 r 2 hr dF(a) 

eg(r)AT,cr) = , — , eg h ^{r,a) = -=== — , 

Vr 2 + h 2 da y/ r 2 + h 2 da 

r 3 hu 2 T 2 fdF{aY ' 



egh(r)(r, 3) 



r 2 + h 2 \ da 
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with inverse 

eg^(r,a) = 1, eg^(r, a) = -u F(a), 

eg^\r,a) = eg T \r,a)=0, eg^ r \r, a) = eg hh (r, a) = -1, 
l+^ 2 [r 2 (ff-F» 



eg w (r,a) = 



It is easy to observe that the congruence of (non inertial) observers defined by the 4- 
velocity field 



^( r? ff) l"-wr F(a) (e% sin [9(r, a) + (p] - e% cos [0(r, a) + p]) 



(A5) 



y/e 9TT (r,a) 1 - u; W» 

has the observers moving along the world-lines 

4 o (r) = ^(r,? ) = 

= FT + r (e% cos [w r F{a Q ) + + e£ sin [u r F(a ) + (p ]j + /i . (A6) 

The world-lines (A6) are labeled by their initial value a — a — (<p , r , h Q ) at r = 0. 

In particular for h a — and r Q = R these world-lines are helices on the cylinder in the 
Minkowski space 

e£^ = 0, (e^ M ) 2 + (e^ M ) 2 = i? 2 , or r = h = 0. (A7) 

These helices are defined the equations </? = </? , r = i?, /i = if expressed in the 
embedding adapted coordinates tp,r,h. Then the congruence of observers (A5), defined 
by the foliation (Al), defines on the cylinder (A7) the rotating observers usually as- 
signed to the rim of a rotating disk, namely observes running along the helices x^ij) = 
l^r + R [el cos [Vt(R) t +(p ]+ e% sin [Sl(R) r + ip ]j after having put Sl(R) = lu F(R). 
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On the cylinder (A7) the line element is obtained from the line element ds 2 = qab da A da B 
for the metric (A4) by putting dh = dr = and r = R, h = 0. Therefore the cylinder line 
element is 



e(ds cyl ) 2 = 1-uj 2 R 2 F 2 {R) {dr) —2uR F(R) drdtp — R (dtp) . (A8) 

We can define the light rays on the cylinder, i.e. the null curves on it, by solving the 
equation 

e (ds cy i) 2 = (1-R 2 Vl 2 (R)) dr 2 - 2 R 2 Q(R) dr dtp - R 2 dp 2 = 0, (A9) 

which implies 

R 2 (^±X + 2R 2 n(R) (^)-(l-#m)) = 0- (A10) 



dr J \ dr 

The two solutions 

(AH) 

define the world-lines on the cylinder for clockwise or anti- clockwise rays of light. 



I\ : tp(r) - Vo = (+± - Q(R)) r, 
T 2 : tp(r)-tp = (-l-Q(R)) T 



(A12) 



This is the geometric origin of the Sagnac Effect. Since Y\ describes the world-line of 
the ray of light emitted at r = by the rotating observer tp = tp Q in the increasing sense 
of tp (anti-clockwise), while T 2 describes that of the ray of light emitted at r = by the 
same observer in the decreasing sense of p (clockwise), then the two rays of light will be 
re-absorbed by the same observer at different t -times 20 T(± 27r ), whose value, determined by 
the two conditions V?( r (±27r)) ~~ ¥o = ±27T, is 

Tl : T (+2 n) = fl> r 2 : n-2n) = i+JS) iT ( A13 ) 

The time difference between the re-absorption of the two light rays is 



AnR 2 Vt(R) AnR 2 cuF(R) 

- T (+2-) - T (-2-) - 1 _Q2( R j R 2 ~ T^^F^RJW 1 



(A14) 



20 



Sometimes the proper time of the rotating observer is used: dT a = dr^/l — Q 2 (R) R 2 . 
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and it corresponds to the phase difference named the Sagnac effect 

a$ = n At, n = n(R) = u f(r). (ais) 



We see that we recover the standard result if we take a function F(o~) such that F(R) = 1. 
In the non-relativistic applications, where F(o~) — > 1, the correction implied by admissible 
relativistic coordinates is totally irrelevant. 

With an admissible notion of simultaneity, all the clocks on the rim of the rotating disk 
lying on a hyper-surface S T are automatically synchronized. Instead for rotating observers 
of the irrotational congruence there is a desynchronization effect or synchronization gap 
because they cannot make a global synchronization of their clocks: usually a discontinuity 
in the synchronization of clocks is accepted and taken into account (see Ref. [36] for the GPS). 



To clarify this point and see the emergence of this gap, let us consider a reference observer 
(tp = const., r) and another one (tp = const. ^ tp Q , r). If tp > tp we use the notation (<Pr, r), 
while for tp < tp the notation (tp^, r) with tp R — tp = —(tpL — ty?o)- 

Let us consider the two rays of light and r^_, with world-lines given by Eqs.(Al2), 
emitted in the right and left directions at the event (tp a , r_) on the rim of the disk and 
received at r at the events (tpR,r) and (</?l,t) respectively. Both of them are reflected 
towards the reference observer, so that we have two rays of light and which will 
be absorbed at the event (<p ,T + ). By using Eq.(Al3) for the light propagation, we get 



Y R ^. {<p-<p ) = -^(r-r_), T R+ : (tp - Vo ) = _^( r+ - r ), 



T L _ : (<p - <p ) 



R 

1 + R£l(R) 
R 



r — r_ 



R 



i - Rn(R) 

T L+ : (<p - tp ) = (r+ - r). 



R 



(A16) 



As shown in Section II, Eqs.(2.17) and (2.18), of the first paper in Ref. [3], in a neighbor- 
hood of the observer (tp Q , r) [(tp, r) is an observer in the neighborhood] we can only define 
the following local synchronization 21 



See Ref. [54] for a derivation of the Sagnac effect in an inertial system by using Einstein's synchronization 
in the locally comoving inertial frames on the rim of the disk and by asking for the equality of the one-way 
velocities in opposite directions. 
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■AT = y/l-R?W(R) Ar E = ^l-R*W(R) At - *<P- ( A17) 



If we try to extend this local synchronization to a global one for two distant observers 
(ip , r) and (</?, r) in the form of an Einstein convention (the result is the same both for 
y? = tp R and ip = ifi L ) 

r E = l(r + + T -) = r- 1 _^g ) (J;) ( y - y „), (A18) 

we arrive at a contradiction, because the curves defined by t e = constant are not closed, 
since they are helices that assign the same time te to different events on the world-line of 
an observer y? = constant. For example (y? , r) and (^p , r + 2n 1 J^ff^) j are on the same 
helix = constant. As a consequence we get the synchronization gap. 

As shown in both papers of Ref . [3] , by using the global synchronization on the instanta- 
neous 3-spaces S T we can define a generalization of Einstein's convention for clock synchro- 
nization by using the radar time r. If an accelerated observer A emits a light signal at r_, 
which is reflected at a point P of the world-line of a second observer B and then reabsorbed 
at r + , then the B clock at P has to be synchronized with the following instant of the A clock 
[n = + for = tp R , n = - for tp = (p L \ 



, \ 1/ \ nRQ(R) .def nl w , 

r(r_,n,r+) = -(r + + r_) (r + - t_) = r_ + S{T_,n,T + ) {t + - t^), 

with £(r_,n,T + ) = 1 ' n ^ n ( R \ Q(R)=uF(R). (A19) 



Finally in the first paper of Ref. [3] [see Eqs.(6.37)-(6.47) of Section VI] there is the evalua- 
tion of the radius and the circumference of the rotating disk. If we choose the spatial length 
of the instantaneous 3-space S T of the admissible embedding (Al), we get aa Euclidean 
3-geometry, i.e. a circumference 2tc R and a radius R at each instant r independently from 
the choice of the gauge function F(a). With other admissible 3+1 splittings we would get 
non-Euclidean results: as said they are gauge equivalent when the disk can be described 
with a parametrized Minkowski theory. Instead the use of a local notion of synchronization 
from the observers of the irrotational congruence located on the rim of the rotating disk 
implies a local definition of spatial distance based on the 3-metric 3/ y uv = —e (g uv — 9tu 9tv ) , 
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i.e. a non-Euclidean 3-geometry. In this case the radius is R, but the circumference is 
2ir R/ a/1 — R 2 £l 2 (R). However this result holds only in the local rest frame of the observer 
with the tangent plane orthogonal to the observer 4- velocity (also called the abstract relative 
space) identified with a 3-space (see Section IIB). 

See Subsection D of Section VI for a derivation of the Sagnac effect in nearly rigid rotating 
frames. 

2. The Rotating ITRS 3-Coordinates fixed on the Earth Surface. 

The embedding (2.14), describing admissible differential rotations in an Euclidean 3- 
space, can be used to improve the conventions IERS2003 (International Earth Rotation and 
Reference System Service) [40] on the non-relativistic transformation from the 4-coordinates 
of the Geocentric Celestial Reference System (GCRS) to the International Terrestrial Ref- 
erence System (ITRS), the Earth- fixed geodetic system of the new theory of Earth rotation 
replacing the old precession-nutation theory. It would be a special relativistic improvement 
to be considered as an intermediate step till to a future development leading to a post- 
Newtonian (PN) general relativistic approach unifying the existing non-relativistic theory 
of the geo-potential below the Earth surface with the GCRS PN description of the geo- 
potential outside the Earth given by the conventions IAU2000 (International Astronomical 
Union) [40] for Astrometry, Celestial Mechanics and Metrology in the relativistic framework. 

In the IAU 2000 Conventions the Solar System is described in the Barycentric Celestial 
Reference System (BCRS) as a quasi-inertial frame, centered on the barycenter of the Solar 
System, with respect to the Galaxy. BCRS is parametrized with harmonic PN 4-coordinates 
x bcrs = {^°bcrs = c^bcrs', x BCRsj > where tscRS is the barycentric coordinate time and 
the mutually orthogonal spatial axes are kinematically non-rotating with respect to fixed 
radio sources. This a nearly Cartesian 4-coordinate system in a PN Einstein space-time 
and there is an assigned 4-metric, determined modulo 0(c~ 4 ) terms and containing the 
gravitational potentials of the Sun and of the planets, PN solution of Einstein equations 
in harmonic gauges: in practice it is considered as a special relativistic inertial frame with 
nearly Euclidean instantaneous 3-spaces tscRS — const, (modulo 0(c~ 2 ) deviations) and 
with Cartesian 3-coordinates x l BCRS . This frame is used for space navigation in the Solar 
System. The geo-center (a fictitious observer at the center of the earth geoid) has a world-line 
Vbcrs( x bcrs) = {^bcrs\Vbcrs( x °bcrs))i which is approximately a straight line. 

For space navigation near the Earth (for the Space Station and near Earth satellites 
using NASA coordinates) and for the studies from spaces of the geo-potential one uses 
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the GCRS, which is defined outside the Earth surface as a local reference system centered 
on the geo-center. Due to the earth rotation of the Earth around the Sun, it deviates 
from a nearly inertial special relativistic frame on time scales of the order of the revolution 
time. Its harmonic 4-coordinates Xq CRS = (xq CRS = c ^gcrs] x gcrs} > "where teens is the 
geocentric coordinate time, are obtained from the BCRS ones by means of a PN coordinate 
transformation which may be described as a special relativistic pure Lorentz boost without 
rotations (the parameter is the 3-velocity of the geo-center considered constant on small 
time scales) plus 0(c~ 4 ) corrections taking into account the gravitational acceleration of 
the geo-center induced by the Sun and the planets. As a consequence the GCRS spatial 
axes are kinematically non-rotating in BCRS and the relativistic inertial forces (for instance 
the Coriolis ones) are hidden in the geodetic precession; the same holds for the aberration 
effects and the dependence on angular variables. A PN 4- metric, determined modulo 0(c~ 4 ) 
terms, is given in IAU2000: it also contains the GCRS form of the geo-potential and the 
inertial and tidal effects of the Sun and of the planets. Again the instantaneous 3-spaces are 
considered nearly Euclidean (modulo 0(c~ 2 ) deviations) 3-spaces t GC Rs = const.. 

In IAU200 the coordinate times tscRS and tccRS are then connected with the time scales 
used on Earth: SI Atomic Second, TAI (International Atomic Time), TT (Terrestrial Time), 
Teph (Ephemerides Time), UT and UT1 and UTC (Universal Times for civil use), GPS 
(Mastr Time), ST (Station Time). 

Finally we need a 4-coordinate system fixed on the Earth crust. It is the ITRS 
with 4-coordinates x^ TRS = [x° ItRS d — ctacRS] x \trs^ > which uses the same coordinate 
time as GCRS. It is obtained from GCRS by making a suitable set of non-relativistic 
time-dependent rigid rotations on the nearly Euclidean 3-spaces tccRS — const.. The 
geocentric rectangular 3-coordinates x} TRS match the reference ellipsoid WGS-84 (basis 
of the terrestrial coordinates (latitude, longitude, height) obtainable from GPS) used in 
geodesy. As shown in IERS2003, we have x\trs — 

(w T (t GC Rs)Rl(-e)c)" 

3 x gcrsi where 

C = Rj(s)Rj(E)B%(-d)Rj(-E) and W{t GCRS ) = R 3 (-s) R 2 (x p ) Ri(y p ) are rotation 
matrices. This convention is based on the new definition of the Earth rotation axis (6 
is the angle of rotation about this axis): it is the line through the geo-center in direc- 
tion of the Celestial Intermediate Pole (CIP) at date t GC Rs, whose position in GCRS is 
n hcRS = (sin d cos E , sin d sin E , cos d^j . The new non-rotating origin (NLO) of the rota- 
tion angle 9 on the Earth equator (orthogonal to the rotation axis) is a point named the 
Celestial Intermediate Origin (CIO), whose position in CGRS requires the angle s, called 
the CIO locator. Finally in the rotation matrix W T (tacRs) (named the polar motion or 
wobble matrix) the angles x p and y p are the angular coordinates of CIP in ITRS, while the 
angle s is connected with the re-orientation of the pole from the ITRS z-axis to the CIP 
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plus a motion of the origin of longitude from the ITRS x-axis to the so-called Terrestrial 
Intermediate Origin (TIO), used as origin of the azimuthal angle. 

Let us now consider the embedding z^(t, <j u ) = x^{r) + R r s (r, a) a s of Eq.(2.14). Let 
us identify x M = z^(t, a u ) with the GCRS 4-coordinates Xq CRS centered on the world-line 
of the geo-center assumed to move along a straight line, then, if we identify the space-like 
vectors e£f with the GCRS non- rotating spatial axes, we have x^(t) = e^r = I^t, where P 
is orthogonal to the nearly Euclidean 3-spaces teens — const., the proper time r of the 
geo-center coincides with ctccRS modulo 0(c~ 2 ) corrections from the GCRS PN 4-metric. 

Then a special relativistic definition of ITRS can be done by replacing the rigidly rotating 
3-coordinates x} TRS with the differentially rotating 3-coordinates a r . The rotation matrix 
R(t, a), with the choice F(a) = — for the gauge function (iv can be taken equal to the 

-H 1 — 

mean angular velocity for the Earth rotation), will contain three Euler angles determined 
by putting R(T,a)\ F(a)=l = C T R 3 (-6) W(t GCRS ). 

In this way a special relativistic version of ITRS can be given as a preliminary step 
towards a PN general relativistic formulation of the geo-potential inside the Earth to be 
joined consistently with GCRS outside the Earth. Even if this is irrelevant for geodesy 
inside the geoid, it could lead to a refined treatment of effects like geodesic precession taking 
into account a model of geo-potential interpolating smoothly between inside and outside the 
geoid and the future theory of heights over the reference ellipsoid under development in a 
formulation of relativistic geodesy based on the use of the new generation of microwave and 
optical atomic clocks both on the Earth surface and in space. 
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APPENDIX B: THE LANDAU-LIFSCHITZ NON-INERTIAL ELECTRO- 
MAGNETIC FIELDS 



Sometimes, see for instance Ref.[17], the following generalized non-inertial electric and 
magnetic fields are introduced 



\/l + n F 



B( F )(t,cj u ) = -S wt e tsr [(l + n F )^h s F v h r F u F vu -(n s F 7T r -n r F 7r s )](r,a u ), (Bl) 



They allow us to rewrite the Hamilton-Dirac Eqs.(4.15) in the following form (we use a 
vector notation as in the 3-dimensional Euclidean case) 



d r £ r (F) (r,a u ) = y/ lF (r,a-)p(r,a u ), 



d£r F) (r,a u ) / r 

e ruv d u B\ F) (r,a u )-^^- = ^(r, a-) T(r, a u ), 



(B2) 



namely in the same form of the usual source- dependent Maxwell equations in an inertial 
frame. 

Since Eqs.(Bl) can be rewritten in the form 



lip ili r — tip € ruv Tip JD V 



y/(l + n F ) y/(l + n F ) 



Bf F) (r,a u ) = 5 wt e ts 



-(l+n F )^h s ; h™ e vue B e + n s F E r 



t,cj u ), 



(B3) 



we get the following form of the Maxwell equations for the field strengths E r and B r 



d r E r (r,a u ) = VMt,o- u ) p(r,a u ) -p R (r,a u 



e SU v d u B v (t, a u ) - 9 = S sr VtHv^) [ T(r, a u ) - T R (r, a u ) 



(B4) 



where the new charge and current densities are the following functions only of the metric 
tensor and of the fields E r , B r 
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1 

y/n/ F (T, (T u ) 



-p R {r,a u ) = - = = d r (£( F) (T,a u )-5 rs E s (T,a u )), 



1 



d 



Jr{^ u ) = - I — , — 

V7f(t, a u ) 

+ 5 rs e suv d u {B\ F) - 5 vk B k ) (r, a u )] . (B5) 
Instead, as a consequence of Eqs.(4.10), the homogeneous equations take the form 

e ruv d u E v {t, a s ) = T ' T ' ° , e ruv d u B v {t, a s ) = 0. (B6) 

OT 

By using Eq.(6.2) of Section VI we find the results of the Appendix A of Ref. [18] 
£ {F) (r,a u ) = E(r,a u ) + x a) x B(r,a u ), 

—* — * — * 

B (F) (r,a u ) = B + x a) x E(r, a u ) + x a) x [(^ x «r) x B(r, a u )](B7) 

c c c 

In absence of sources Eqs.(4.17) are the generally covariant equations V u F^ u =0, sug- 
gested by the equivalence principle, in the 3+1 point of view after having taken care of the 
asymptotic properties at spatial infinity. 

Let us remark that in the case of the nearly rigid limit of the foliation (2.14) (see Section 
VI) and with Q(r) = (0,0, Cl = const.) Eqs.(B4) and (B6) coincide with Eqs.(9) of Schiff 
[28] if we identify pR with a and j r R with j r . This is due to the fact that Schiff 's fields E, 
B, have the components coinciding with the covariant fields E r and B r of Eqs.(4.10); these 
fields obviously differ from the fields (B3) defined in Ref. [17]. 

Eqs. (B4) and (B5), with the metric associated to the admissible notion of simultaneity 
(2.14), should be the starting point for the calculations in the magnetosphere of pulsars, 
where one always assumes a rigid rotation u with the consequent appearance of the so- 
called light cylinder for u> R = c (the horizon problem of the rotating disk). See Refs.[59] 
based on Schiff 's equations [28] (B4) and (B7) or the more recent literature of Refs. [60]. 
Instead in Refs. [61] the light cylinder is avoided using the rotating coordinates of Refs. [19], 
but at the price of a bad behavior at spatial infinity. 

— * — * 

These equations also show that the non-inertial electric and magnetic fields £( F ) and B( F ) 

— * — * 

are not, in general, equal to the fields obtained from the inertial ones E and B with a Lorentz 
transformations to the comoving inertial system like it is usually assumed following Rohrlich 
[62] and the locality hypothesis. 
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APPENDIX C: CO VARIANT AND NON-COVARIANT DECOMPOSITIONS OF 
THE ELECTRO-MAGNETIC FIELD AND THE RADIATION GAUGE IN NON- 
INERTIAL REST FRAMES. 



In inertial frames the identification of the physical degrees of freedom (Dirac observables) 
of the free electro-magnetic field was done in Refs. [26, 63, 64, 65] by means of the Shanmu- 
gadhasan canonical transformation adapted to the first class constraints vr T (r, a u ) and 
T(r, a u ) = d r 7r r (r, a u ) m 0. The final canonical basis identifies the radiation gauge with its 
transverse fields as the natural one from the point of view of constraint theory. 

In the parametrized Minkowski theories of Setion III Subsection A, due to the last 
two lines of Eqs.(3.15), we see that two successive gauge transformations, of generators 
Gi(r,a u ) = Xf (r, a u ) H^(t, a u ), i = 1,2, do not commute but imply an electro-magnetic 
gauge transformation. Since the effect of the % — 1, 2 gauge transformations is to modify the 
notions of simultaneity, also the definition of the Dirac observables of the electro-magnetic 
field will change with the 3+1 splitting. In general, given two different 3+1 splittings, the 
two sets of Dirac observables associated with them will be connected by an electro-magnetic 
gauge transformation. 

Since it is not clear whether it is possible to find a quasi-Shanmugadhasan canonical 
transformation adapted to H r (r,a u ) = H^t, a u ) z?(r, a u ) « 0, n T (r,a u ) m 0, T(r,a u ) « 
22 , the search of the electro- magnetic Dirac observables must be done with the following 
strategy: 

i) make the choice of an admissible 3+1 splitting by adding four gauge-fixing constraints 
determining the embedding z^{r,a u ), so that the induced 4-metric <?ab (j, <r u ) becomes a 
numerical quantity and is no more a configuration variable; 

ii) find the Dirac observables on the resulting completely fixed simultaneity surfaces S r 
with a suitable Shanmugadhasan canonical transformation adapted to the two remaining 
electro-magnetic constraints. 

Let us remark that a similar scheme has to be followed also in the canonical Einstein- 
Maxwell theory: only after having fixed a 3+1 splitting (a system of 4-coordinates on the 
solutions of Einstein's equations) we can find the Dirac observables of the electro-magnetic 
field. 

This strategy is induced by the fact that, while the Gauss law constraint T(r, a u ) = 
d r ir r (T,a u ) « is a scalar under change of admissible 3+1 splittings 23 , the gauge vec- 

22 Wj_(t, cr") = W(t, <j u ) Ifiir, <j u ) w 0, like an ordinary Hamiltonian, can be included in the adapted 
Darboux-Shanmugadhasan basis only in case of integrability of the equations of motion. 

23 7r r (r, a u ) is a vector density like in canonical metric gravity. 
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tor potential A r (r, a u ) is the pull-back to the base of a connection one-form and can be 
considered as a tensor only with topologically trivial surfaces £ r (like in the case we are 
considering). Since a Shanmugadhasan canonical transformation adapted to the Gauss law 
constraint transforms Y{r, a u ) in one of the new momenta, it is not clear how to define a 
conjugate gauge variable r] em (r,a u ) such that {r] em (r, a u ), r(r, a")} = <5 3 (a", a") and two 
conjugate pairs of Dirac observables having vanishing Poisson brackets with both rj em (r, a u ) 
and r(r, a u ) when the 3-metric on S r is not Euclidean (gv s (r, a u ) ^ —e5 rs ). 

With every fixed type of instantaneous 3-space S r with non-trivial 3-metric, g rs (j, °' u ) 7^ 
— e 5 rs , we have to find suitable gauge variable r] em (r, a u ) and the Dirac observables replacing 
A r ± (r,a u ) and 7r r ± (r,a u ). 

Let us consider an arbitrary admissible non-inertial frame identified by the embedding 
4(r,<r u ) = x^(r) + F^(T,a u ) of Eq.(4.1). In it the fields A r (r,a u ) and n r (T,a u ) admit both 
a covariant and a non-covariant decomposition. 

The covariant decomposition [66] is 

vrKr, <j u ) = fa - W F J- V Fs ) n s (r, a u ) = fa - V F -±- d.) n s (r, 
=S> V Fr r ± (r,a u ) = 0, 

n r L (r, a u ) = V r F -^V Fs n s (r, <j u ) = V r F -^d s n s (r, a u ), 

L\ F L\p 

A r (r,a u ) = A ±r (r,a u ) + A Lr (r,cr u ), 

A ±r (r, a u ) = (S s r - V Fr ^- V r F ) A r (r, a u ) V r F A ±r (r, a u ) = 0, 

A Lr (r, a u ) =V Fr -t-V s F A s (t, a u ). (CI) 
i\ F 

Here and A F = V^V,Fr = , 1 d r ( \/if(t, c u ) 7k? (r, a u ) d s ) are the covariant 

\>1f{t,v u ) V / 

derivative and the Laplace-Beltrami operator associated to the positive 3-metric h Frs (r, a u ), 
respectively. The inverse of Laplace-Beltrami operator (1/A F ) is defined by the fun- 
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damental solution of the Laplace-Beltrami operator G(a u , a' u ) 24 f(a u ) = g(a u ) d = 
J d 3 a' y/7(a' u ) G(a u , a' u ) g(a' u ), such that A F f(a u ) = g(a u ). 

Since tc t (t, a u ) is a vector density, we have d r tt t (t, a u ) = V Fr ^ t '(t, a u ): this quantity is 
a 3-scalar density on E T . 

Instead the non-covariant decomposition [1, 5, 9, 60] in a transverse and a longitudinal 
part r = f 5 rs d r , A = d r d r = d 2 ) is 



7r r (r,<7")=7rI(T,a«)+7r£(r,a"), 

ttI (r, a M ) = (5 r s -d r ^ 0.) 7r s (r, a u ) =► d r tt1(t, a") = 0, 



7r2(r ! a«) = ^^ s 7r s (r ! ^), 



A r (r,<T u )=A ±r (r,<T w )+A Lr (r,<7 u ), 

^±r(r, = (<£ - 9 r i c>) A s (r, a") c> A ±r (r, a") = 0, 

A Lr (r,a u )= d r i0M s (r,<7 u ). (C2) 
In Eq.(C2) d r A r = Ai] em is a non-covariant quantity. 

Here the inverse of Laplacian is defined used the standard (Euclidean-like) fundamental 
solution: c(a u - <j' u ) = -± _ 7 _^=_ , so that /(<r«) = ^ /dVc(a« - 

a' u )g(a' u ) and A = ( £'=i d r d r ) f(a u ) = g(a u ). 

Eq.(C2) allow us to define the following non-covariant Shanmugadhasan canonical trans- 
formation 



24 His existence is assured by existence's theorem (see for example Ref. [67], but a closed analytic form is 
not known. A general property of these fundamental solutions is a singularity when the geodesic distance 
s(a u ,a' u ) between P = {a 11 } and Q = {a' u } goes to zero linw, G(a u ,a' u ) h-> -±. s{a J- alu) . 
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A r (r,a") 



9 



n r (r,a u ) = n r ± (r,a u ) + - d r T(r,a u ), 



Ve m (r,a u ) = -d r A r (r,a u ), 



A ±r (r,cr u ) = (6 s r -d r ^d s )A s (r,a u ), 



{A ±r (r,^),<(r,a' u )} = c(5 



d r d 



rs r \ x3{ _u „iu 



(C3) 



If we add the gauge fixing r\ em {j, a u ) 0, then its r-constancy implies A T (r, a") ~ and 
we get a non-inertial realization of the non-covariant radiation gauge. 

While with the non-covariant decomposition we can easily find a Shanmugadhasan canon- 
ical transformation adapted to the Gauss law constraint with the standard canonically con- 
jugate (but non-covariant) Dirac observables A± and tt± of the radiation gauge, it is not 
clear whether the covariant decomposition can produce such a canonical basis. In any case, 
as shown in Ref. [66], the radiation gauge formalism is well defined in both cases if we add 
suitable gauge fixings. 

In the inertial rest-frame instant form reviewed in Section III Subsection B the 3-metric 
inside the Wigner 3-spaces is g rs (r, a u ) = —e h rs (r, a u ) = —e 5 rs and the two decompositions 
coincide. 



In Subsection B of Section IV there is the non-covariant Shanmugadhasan canonical 
transformation in non-inertial frames in presence of charged particles. 
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Let us remark that on the non-Euclidean 3-space we are using a delta function S 3 (a u , a' u ), 
with the properties 5 3 (a u ,a' u ) = 5 3 (a' u ,a u ) and 5 3 (a u , a' u ) = 5 3 (a u , a' u ), 

such that dV 5 3 (a u ,a' u ) f(a' u ) = f(a u ), and not a covariant one D 3 (a u , a' u ) = 
, 1 5 3 (a u , a' u ) = , 1 5 3 (cr M , <r ,M ) such that ( dV ^(r, <r /u ) L> 3 (a M , <r ,u ) /(<x ,u ) = 

f(a u ). 
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